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Abstract. In this paper we prove the non-existence of Lagrangian embeddings of the 
Klein bottle K in CP^. We exploit the existence of a special embedding of if in a 
symplectic Lefschetz pencil : X ^ S"^ and study its monodromy. As the main technical 
tool, we develop the combinatorial theory of mapping class groups. The obtained results 
allow us to show that in the case when the class \K] £ H2(X, Z2) is trivial the monodromy 
of pr : X — > 5*^ must have special form. Finally, we show that such a monodromy can 
not be realised in the case CP^. 

0. Introduction 

In |N-1] . Stefan Nemirovski proposed a proof of the non-existence of a Lagrangian 
embedding of the Klein bottle K := MP^#MP^ into CP^. His main claim, that for any 
Lagrangian embedding of the Klein bottle in a complex algebraic surface the Z2-homology 
class [K] is non-trivial, is false: We construct a counterexample in §J.61 Another attempt 
to prove this result was made by Klaus Mohnke in [Mo] . He used completely different 
techniques, but his proof also appears to be incomplete. 

The main result of the present paper is the following: 

Theorem 1 {Main tlieorem). Any Lagrangian embedded Klein bottle K in CP^ or in 
a compact ruled symplectic ^-i^o-nifold {X^uj) has non-trivial 7j2-homology class [K] G 

H2(X,Z2). 

By |MD-Sa] . a ruled symplectic manifold X is (a blow-up of) a compact complex ruled 
surface, and is a Kahler form on X. The characterisation of such X from |MD-Sa] will 
be used in the proof. 

According to [AMPj . every Lagrangian embedding of -ft^ in a symplectic 4-manifold X 
can be modified into a Morse-Lefsctietz fibration pr : {X,K) L), which is a Lefschetz 

fibration of a special form, see §J. J[ The technical core of our proof is a study of the 
monodromy of such Morse-Lefschetz fibrations. For this purpose, we obtain several new 
results on the combinatorial structure of the mapping class group Map^, see §0.31 

As in |N-1] . we can deduce from Tlieorem[^ the following result: 
Theorem 2. There is no Lagrangian embedding of the Klein bottle K in CP^. 
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Indeed, the Z2-self-intersection number of an embedded Lagrangian Klein bottle in any 
{X,uj) equals its Z2-Euler class and hence vanishes, whereas h? ^ Q for the unique non- 
trivial h e H2(CP^Z2). Note that Lagrangian embeddings of the Klein bottle in blown-up 
CP^ do exist, as an easy example from |N-1] shows: One realises K as the real algebraic 
blow-up of the real projective plane MP^ and complexifies this construction obtaining CP^ 
blown-up at one point. 

The following application was pointed out by St. Nemirovski, see also |N-lj . |Aud] . and 
|Ga-Laj . p. 489. 

Theorem 3. Let X he CP^ or a compact ruled symplectic A-manifold. Then two La- 
grangian embeddings ipi,(p2 '■ IRP^ —>■ X with transversal images representing the same 
'Z2-homology class have at least 3 intersection points. 

Indeed, the Z2-self-intersection index of any Lagrangian embedding ip : MP^ X coin- 
cides with the Euler characteristic of MP^. In particular, the class [y9(]RP^)] is non-trivial 
and two transversal Lagrangian embeddings must have an odd number of intersection 
points. In the case of a single intersection point, one could perform Lagrangian surgery 
on it producing a Lagrangian embedding of the Klein bottle K. Its Z2-homology class 
is the sum of the classes of the images, hence trivial which contradicts Main Theorem. 
Notice also that in CP^ the condition on the homology classes is fulfilled automatically 
since there is a unique non-trivial element in H2(CP^,Z2). 

Audin |Audj has established an additional restriction on the class [K], namely, [K]"^ = 
mod 4. Here [K]"^ is calculated as the Pontryagin square (of the Poincare dual) of [K]. 
For example, in the case when X = S"^ x S"^, the class [K] can not be the sum of the 
vertical and the horizontal fibres, since the Pontryagin square of such a sum is 2 mod 4. 
On the other hand, it is not difficult to show that for any symplectic form of product type 
uj = p^ui -\-p2OO2 there exists a Lagrangian embedding of the Klein bottle K such that the 
projection : S*^ x S*^ ^ S"^ on the first factor, restricted to K, is an S'^-bundle over a 
circle P in the first 5*^. As we show in Proposition I i . 51 in this case K is homologous to the 
fibre of the projection pi. 

0.1. Scheme of the proof. Let us recall Nemirovski's original ideas. He showed in |N-1] 
that, given a Lagrangian submanifold L in a projective manifold X and an S'^-valued 
Morse function f : L ^ S^, there exist another submanifold L' isotopic to L, a blow-up 
X ^ X of X along a complex submanifold B G X with B^L' = 0, and a holomorphic 
Lefschetz fibration pr : X ^ CP^ such that (X,pr,L') form a Morse-Lefschetz fibration 
(see Definition Auroux, Munos, and Presas |AMP] generalised this result to the 

case of an arbitrary ambient compact symplectic manifold X, see TIneorem \1.1\ . For our 
purposes we need a slight refinement of this generalisation; it is established in Lemma lT^ 
In the case dimuX = 4 the homology group H2(X, Z2) is naturally embedded in the 
group H2(X,Z2), and thus the blow-up procedure does not affect the (non-)triviality of 
the homology class of a surface avoiding the blow-up locus. Thus we may assume that 
the Lefschetz fibration pr : X 5^ is defined already on X. As the Morse function / on 
K, Nemirovski chose a (topologically unique) non-singular fibration pr^ : K —>■ with 
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circle fibres. As a result, he obtained a rather simple geometric configuration, described 
in Lemma [17^ below. 

The key idea of Nemirovski was to exploit the arising structure of a Morse-Lefschetz 
fibration and construct a complex line bundle ^ on X such that (ci(^), [K]) = 1 mod2, 
which would have implied the non-triviality of [K]. Instead, in our approach we use this 
structure to describe the necessary condition for the vanishing of [K] in terms of the 
Lefschetz fibration and its monodromy. First of all, we find an expression for [K] using 
the homology spectral sequence. This allows us to produce an example of a Lagrangian 
embedding of the Klein bottle in a projective surface with trivial homology class [K], see 
§J.61 Next, we undertake a detailed study of the combinatorial structure of the mapping 
class group Map^. This technique (see Subsec. 10. 3p allows us to show that if the class [K] 
is trivial, then the monodromy of our Lefschetz fibration must have very special form, 
see Proposition \3.1\ Then we observe that "twisting" appropriately a part of this special 
monodromy, we can construct a new symplectic manifold X' such that 

(0.1) rankHi(X',Z2) = rankHi(X,Z2) + 1. 

On the other hand, using the classification of ruled symplectic manifolds from |MD-Sa] 
we show that under the assumptions of the Ma/'n Tlieorem the manifold X' must also be 
ruled, and hence the ranks of both groups Hi(X,Z2) and Hi(X',Z2) must be even. The 
obtained contradiction finishes the proof. 

0.2. Luttinger surgery and totally real embeddings of the Klein bottle. After 
the preprint version of this paper was finished and distributed in May 2006, Nemirovski 
has found an alternative proof of TiieoremUl, see |N-2] . He observes that the "twisting" 
of the manifold X above is the Luttinger surgery along the Klein bottle K (well-known in 
the case of (Lagrangian) embeddings of the torus T^, see [Luttj lE-Poj lADK] ). He shows 
also that equality (10. ip can be deduced using the Viro index of curves on the Klein bottle 
and holds for any totally real embedding of K in an almost complex four- manifold (X, J). 

0.3. Braid combinatorial structure of mapping class groups. As we have men- 
tioned above, for the proof of the Ma/'n Tlieorem we need effective tools for calculations in 
the mapping class group Map^ of a surface S of given genus g ^ I. This requires a better 
understanding of the combinatorial structure of Map^. 

It was understood by Dehn |Dej that Map^ is generated by certain simple transforma- 
tions called Delin twists. Seeking for a simple presentation for Map^ one first sees that the 
"basic" relation among Dehn twists is the braid relation. So it was expected that Map^ 
should resemble a braid group, possibly generahsed. And indeed, Wajnryb's presentation 
|Waj] realises Map^ as a quotient of a certain Artin-Brieskorn braid group Br{Sg) with a 
simple system of generators Sg and relations. Recently Matsumoto [Ma] gave a descrip- 
tion of relations in Wajnryb's presentation in terms of the so-called Garside elements ^{S) 
corresponding to certain subsystems S C Sg. In Sect/on we obtain some combinatorial 
properties of the Wajnryb-Matsumoto presentation, which are used in a crucial way in 
the proof of the Main Theorem. 

Recall that every Artin-Brieskorn braid group Br(5) is constructed from a Coxeter 
system {S,Ms) such that S is the set of generators of Br(5) and Ms is a matrix on S 
encoding the combinatorics of the defining set of relations. To every such system {S,Ms) 
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one can also associate the so-called Coxeter-Weyl group \N{S) by adding the relation = 1 
for each generator s G 5. In particular, there exists a natural surjective homomorphism 
Br(i5) \N{S) which is a bijection on generators. The kernel of this homomorphism is 
called the pure braid group associated with S and will be denoted by P{S). Recall that 
quasireflections in W(iS) and quasigenerators in Br(<S) are the elements conjugate to the 
standard generators s E S. We denote by T{S) the set of quasireflections in \N{S). 
Our first result about these groups is the following: 

Theorem 4 ( Theorem 12. 71 ) . There exist natural lifts \N(S) 3 w w E Br(5) and 
T{S) 3 t i E Br(iS) such that the set T'^{S) := {P : t E T{S)} is a minimal generator 
set for the pure braid group P{S). 

Moreover, the abelianisation Pab('5) of the pure braid group P{S) is a free abelian group 
with the basis {At : t E T{S)} indexed by the set T{S) of quasireflections such that At is 
the projection of t"^ to Pab('5). 

Remark. This result is well-known for the usual braid group Br,^. 

If the Coxeter-Weyl group \N{S) is finite, then it can be realised as a reflection group. 
The corresponding Coxeter systems S are completely classified. For such systems Deligne 
[Del] and Brieskorn-Saito [Br-Saj defined the so-called Garside element A{S) E Br(iS). Its 
square lies in the centre of P(i5), and we show in Lemma \2.1(A that the projection 

of A^{S) to Pab('5) is simply the sum Ylit£r{s)^i basis elements of Pab('5). This 

immediately gives a description of the projections of Matsumoto's relation elements to 
the group Pab(5g). 

Our next important result is: 

Theorem 5 ( Theorem 12.81 ) . Every factorisation t = ti-t2 - . . .-U of the identity 1 E \N{S) 
into a product of quasireflections ti E T{S) is Hurwitz equivalent to a factorisation into 
squares of quasireflections, i.e., of the form t' = t'^-t^ - . . . ■ t'l with tgj-i = 4* ^ "^i^)- 

Remark. This theorem is a generalisation of a classical result of Hurwitz. Namely, the 
Coxeter-Weyl group corresponding to the usual braid group Br^ is the symmetric group 
Sym^, and the claim is equivalent in this case to the irreducibility of the space of branched 
coverings / : C — CP^ of fixed degree and genus of the curve C. For the case of finite 
Weyl groups corresponding to simple complex Lie algebras, this result was obtained by 
Kanev [Kanj . 

In its turn, Theorem\^ is used to describe the elements in P{S) that can be represented 
as products of quasirefiections ti projecting into a given subset T' C T{S). Clearly, one 
can replace T' by the subgroup G C W(5) generated by it. For such G, we denote by 
Pab('5)G the group of coinvariants (see, e.g., |Bro] ) . Since W(5) acts on Pab('5) permuting 
the basis At, t E T{S), it follows that Pab('5)G has a natural basis formed by the set of 
W(5)-orbits in T{S). We denote the elements of this basis by Ac-t- 
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Theorem 6 ( Theorem \2.9( ]. Let G be a subgroup of\N{S) andx an element of P{S) which 
can be represented as a product x = Yli^T ' Y[j[^2j-i,X2j] such that are quasigenerators, 
et = ±1, and [x2j-i,X2j] are commutators of some xj G Br(5). Assume that the projections 
of Xi and ij to W(5) lie in G. Then the projection [x\g of x to Pab{S)G H^s in the free 
abelian group generated by basis elements Ac-t with t G G^T{S). 

Remark. The point is that basis elements Aq-i with t G T{S)\G do not appear in the 
expansion of [x\g G Pab('5)G- 

Next, we focus on the study of the structure of the braid group Br(iSg) involved in the 
Wajnryb-Matsumoto presentation of the group Map^ of mapping classes for a surface S 
of genus g. 

In the case (7^4 the set T{Sg) is infinite, and it is hard to describe it geometrically 
in terms of S. We show that there exists a W(iSg)-equivariant map of this set onto the 
set of all non-zero homology classes v G Hi(S,Z2). The latter set is denoted by Tig and 
we obtain a W(iSc,)-equivariant homomorphism Z{T{Sg)) '^{'Hg) of free abelian groups. 
Thinking of Map^ as a generalised braid group, the corresponding Coxeter-Weyl group is 
Sp{2g,Ij2) and the elements of Tig are the corresponding quasireflections. Note that in 
the cases (? = 1,2,3 we have the equalities T[Sg) = TCg and W(5g) = Sp{2g,Z2) (up to 
the centre Z2 in W(iS3) in the case g = 3). 

Our next result describes generators of the kernel of the natural homomorphism Br(iSg) — 
Sp{2g,7j2)- This gives us generators of the kernels of the homomorphisms Map^ —>■ 
Sp(2g,Z2) and W(5g) Sp{2g,Z2). We call the latter kernel the Weyl-Torelli group of 
S and denote it by V\/2g. 

Theorem 7 {CorollarylZM Proposition \2J7^ . 

i) The kernel of Map^ Sp(2g,'Z2) is generated by squares T^ of Dehn twists along 
non- separating curves 5 C S. 

ii) The abelianisation \NIg^3\^ of WX^ is a 7j2-vector space isomorphic to A^Hi(S,Z2). 
m) There exists a natural lattice extension 

O^Z{ng)^Ag^\NIg^,i,^0 

such that Ag can be realised as a sublattice in |Z(7ig) and the image of the induced em- 
bedding WXg^ab C ^Z{T-Cg) /Z{Hg) = Z2{Hg) is generated by the sums Ly := \J2v^0£V 
where V is a symplectic 6-dimensional subspace of Hi(Il,Z2). 

iv) There exists a group extension 

O^Ag^ Sp{2g,Z2) ^ Sp{2g,Z2) ^ 1 

and a homomorphism of the extension 1 — > P{Sg) —>■ Br{Sg) \N{Sg) —>■ 1 onto this 
extension such that the homomorphism \N{Sg) Sp{2g,Z2) has the usual meaning and 
P{Sg) Ag is the composition P{Sg) Pab{<Sg) Z{Hg) C A^. 
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As a result, we can perform our calculations in much smaller and geometrically trans- 
parent groups Kg and Sp{2g,Z2), rather than in Map^ or in Br{Sg). Basically, this means 
working in Ag considered as an S'p(25f,Z2) -module. 

Next we describe the image of the Wajnryb-Matsumoto relations in A^. For this pur- 
pose, for every fi G Hi(S,Z2) we denote by y?^ : Hi(S,Z2) Z2 the homomorphism given 
by t>n/i and define a homomorphism : '^{'Hg) — Z by setting (p^{Ay) := 1 for every 
V EHg C Hi(E,Z2) with ffj,{v) = 1 and 0^{Ay) := otherwise. Thus 0^ is the "counting 
function" for the set-theoretic map ip^ : TCg — >■ Z2. Our result describes the mapping class 
group Mapg ]^ of the surface E with one point fixed. It is known that for all (7 ^ 2 the 
kernel of the natural homomorphism Map^ ^ Map^ is the fundamental group 7ri(S). 

Theorem 8 ( Corollary \2.19^ . The homomorphism (p^ : 'L{T-Lg) Z extends naturally to a 
homomorphism from the stabiliser group Br(iSg)^ of the element fi. The latter induces a 
homomorphism 0^ : Map^ ^ ^ Z4. Moreover, for every 7 G vri(S) and the corresponding 
element G Map^ ^ one has ip^{x^) = {2g — 2) ■ ^^ij) mod4. 

This result is used to obtain 

Theorem 9. Every topological Lefschetz fibration pr : X -^Y with even genus g = 2g' of 
the fibre F := pr^^(y) admits a 'L2-section, i.e., a class [a] G H2(X, Z2) with [a] fl [F] = 
1 mod2. 

Remark. This result is proved in Theorem \2.21\ in the form of a certain factorisation 
problem in Map^^. 

Besides, we prove the following in Corollary {271^ 

Theorem 10. For g ^ 2 there exists an embedding Hi(S,Z2) ^ T'^(Hi(S,Z2)) =: T'^ 
of the 7j2-homology space into its third tensor power and a homomorphism p from the 
kernel Ker (Map^ Sp{2g,'Ij2)) to such that the composition of p with the natural 
embedding 7ri(S) ^ Map^ equals the composition of the projection 7ri(S) Hi(S,Z2) 
with the above embedding Hi(S,Z2) '^T'^. 

Now let us give an explanation of how Theorem [H is involved in the proof of the main 
result. Recall that by Gervais ( [Gerj . Theorem C) the group Map^ with g ^ 3 has a 
universal central extension Map^ whose kernel is Z. There exists a natural lift of the 

monodromy of a topological Lefschetz pencil pr : X ^ y to the extension Map^ whose 
evaluation is an element c in the kernel, i.e., an integer. This extension can be obtained 
as the pull-back of the universal covering 

^ Z ^ Sp{2g,R) Sp{2g,R) 

and one can show that the number c is — roughly speaking — the Chern number Ci of the 
symplectic vector sheaf -RV''*M:X, the first derived image of the constant sheaf Mx over X 
(compare with |ABKPt IBKPt IBo-Tsch] ). Recall that the stalk of i?^pr^Mx over a regular 
value y E Y is simply the cohomology group H^(Xy,R) of the fibre Xy := pr^^(y) = S^, 
and the symplectic structure on H^(Xj^,R) is given by the cup product. The description 
of the extension Map^ given by Gervais shows that the natural generator of the kernel Z 
is the chain relation element (see §2.21) so that ci is the algebraic number of times that the 
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chain relation is involved in the evaluation of the monodromy. Moreover, the universality 
of the extension Map^ implies that one cannot find any further invariants. 

Now let G be a subgroup of Map^. Then there could exist a non-trivial central extension 
O^A^G^G^O with a "larger" abelian group A, not induced by the extension 
Mapg. Then an appropriate homomorphism ip : A ^ 1j or : A —>■ would give a 
(new) "characteristic class" for Lefschetz fibrations with monodromy in G. Theorem [6| 
explains how one can construct such an extension O^A—>-G—>-G—>-Om the case 
when G is the pre-image of some subgroup H < Sp{2g,Z2) with respect to the natural 
homomorphism Map^ —>■ Sp{2g,Z2). Then the homomorphism 0fj_ from Theorem \B is 
essentially an example of such a ip. 

0.4. Notation. Let X be a 4-manifold and Y an oriented surface. For a fibration pr : 
X and a subset U CY, we set Xu := pr~'^{U). Thus Xy = pr~^{y) is the fibre over a 
point y eY. 

Let S be a CW-complex and / : S ^ S a continuous map. The torus of the map f 
is the quotient space Z of the cylinder Ex [0,1] with respect to the equivalence relation 
{z,l) ~ {f{z),0). In this paper S will be a real surface and / : S ^ S a diffeomorphism. 
Observe that the map pr : [z,t] G (S x [0, l]/~) ^ t E = [0, l]/(0 ~ 1) is a well-defined 
projection pr : Z — S*^ of a fibre bundle structure on Z with fibre S. We consider it a part 
of the map torus structure on Z. Vice versa, for any fibre bundle structure pr : Z ^ 
with fibre S there exists a continuous map / : S — S such that {Z, pr) is the torus of 
/ : S — > S. In this case / : S S is called the monodromy map of pr : Z —>■ or simply 
the monodromy of pr : Z S^. The monodromy is defined up to isotopy and two fibre 
bundles pr : Z ^ and pr' : Z' — »• S*^ are isomorphic iff their monodromies are isotopic. 
More generally, let pr : Z — > F be a fibre bundle with fibre S and j : ^ Y a. loop. 
Then the monodromy of the pulled-back bundle 7*Z := Z Xy^S*^ is called the monodromy 
of pr : Z Y along 7. The monodromy defines the monodromy homomorphism between 
7ri(F,?/o) and the mapping class group of S. 

Let pr : Z ^ 5^ be a bundle with fibre Ti, yo E a. base point, and T G Z a section of pr, 
so that pr : r S"^ is a homeomorphism. Set S = pr^^(yo) and Zq := Lf^S. Then {Z,pr) 
can be realised as the torus of a map / G ^iff(Il,zo) such that T G Z becomes the torus 
of the map / : {zq} {zq}- Moreover, such / is unique up to isotopy in ^iff(T,,ZQ), and 
we call / G ^^Tj,zq) the section monodromy of pr : Z ^ S^. Similar notation applies to 
bundles pr : Z ^Y with fibre S. In our case S is oriented and / is orientation preserving, 
/G W+(S,^o). 

An embedded circle 5 on a connected surface S is non-essential if it bounds a disc in 
S and essential otherwise. All the embedded circles used in the proofs will be essential. 
An embedded circle 5 on S is separating if I1\S has two connected components and non- 
separating otherwise. If S is closed and orientable, then 6 is non-separating if and only if 
[5]^0e Hi(S,Z) or, equivalents, if and only if [5]^0e Hi(S,Z2) 
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1. Topology of Lefschetz fibrations 

1.1. Lagrangian submanifolds in Lefschetz fibrations. We refer to [Go-StJ for the 
definition of topological Lefschetz fibrations pr : X Y, topological Lefschetz pencils pr : 
X ^ S"^, and (symplectic) blow-ups of such X, and to |AMPj and |Do] for a general theory 
of symplectic Lefschetz fibrations and their Lagrangian submanifolds. The paper |N-lj 
contains a discussion of Lagrangian submanifolds in projective algebraic manifolds. In 
this paper only the special case of 4- dimensional ambient manifolds X will be considered. 
We shall always assume that the base surface y of a Lefschetz fibration is oriented. 

Definition 1.1. Let X be a closed A-manifold and L G X a closed embedded surface. A 
Morse-Lefschetz fibration of {X,L) is a Lefschetz fibration pr : X ^ Y with the following 
properties: 

i) the image pr(L) is a smooth embedded curve T in Y; 

a) all critical points of the restricted projection pr^ := pr\L : L are of Morse type; 
iii) a point x G F is a critical value of ptj^ : L ^ T if and only if it is a critical value of 
pr-.X^Y. 

Such a curve F must be an arc or a circle. It turns out that any given symplectic 
manifold {X, u) and any given Lagrangian embedded closed surface L (Z X can be included 
in a SMLF over the two-sphere S"^. Namely, the result proved in |AMPj ensures the 
following. 

Theorem 1.1. Let {X,uj) be a closed symplectic A-manifold such that [uj] = Ci(=Sf) for 
some line bundle ^ on X , L G X a closed Lagrangian submanifold, and f : L ^ 
a Morse function. Then there exists a symplectic blow-up X ^ X at a finite locus 
B = {hi, . . . ,bN} C X\L, a Morse-Lefschetz fibration pr : X ^ of {X,uj,L) and an 
embedding ■y : "-^ S"^ , such that pr|i = 7 o / . 

Observe that in the case of a usual Morse function / : L — > M the image f{L) is a 
compact interval which can be embedded in the circle S^. So this case reduces to the case 
of circle valued Morse functions. 

Let us establish the version of Theorem \L1\ needed for our purpose. 

Lemma 1.2. For any embedded Lagrangian Klein bottle K in a symplectic 4-manifold 
{X,uj) there exists a deformation uj of the symplectic form uj, a symplectic blow-up X 
of X at several points xi,...,xn G X outside K, and a symplectic Lefschetz fibration 
pr : A ^ S*^ with the following properties: 

(MLl) the projection pr(A) is an embedded circle F C S*^; 

(ML2) no critical value y G S"^ 0/ pr : A — > 5^ lies on F; 

(MLS) the fibres of the restricted projection pr\K : A ^ F are circles; 
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(ML4) there exists a section of the projection pr : X — ^ S*^ (j-e., a surface S C X whose 
projection pr\s : S ^ S"^ is a diffeomorphism) such that S^K = . 

Proof. The deformation of uj is needed to make its cohomology class [uo] rational. It is 
easy to show that for any fixed Riemannian metric gx on X and any e > there exists 
a closed 2-form Cj such that the class [Cj] is rational and ||a; — ci;||c'0(x) ^ e. The latter 
condition ensures that uj is also a symplectic form. 

Since H^(i^, M) = 0, the restriction Cj\k is exact. Moreover, by Hodge theory, there 
exists a 1-form a on with da = ijj\K and 

||"||co{x) ^ C ■ ||cu|/^||co(i^) = C ■ — uj)\k\\co{k) -e 

with the constant C depending only on the embedding K G X and the metric gx- By 
the (generalised) Darboux theorem (see, e.g., |A-G] ). there exists a neighbourhood U of 
A' in X which is symplectomorphic relative K to a neighbourhood U' of the zero section 
of the cotangent bundle T*K equipped with the canonical form ujt*k- The condition 
1 1 1 1 CO (i^:) -e ensures that the graph LaCT*K of the form a lies in U'. Observe that 
i-^T*K\La = da = UJ. It follows that there exists a diffeomorphism ^ : U U such that 
^*uj\k = uj\k = and such that $ is trivial near the boundary dU. Replacing uj by 
we see that K is cD-Lagrangian. 

Now, the desired symplectic Lefschetz fibration is obtained by Theorem applied to 
the map <f : K ^ which realises K as an S'^-fibre bundle over S*^. The number of 
single blow-ups in X — X must be large for the following reason. By the construction of 
the symplectic Lefschetz fibration pr : X — > S*^ in [AMP] . the blow-up centres xi,...,xn 
are the common zeroes of a pair of sections Sq,Si of a certain line bundle =^ on X with 
Ci(=Sf) = k[uj] and k ^ 0. Moreover, the intersection index of the zero loci So^(O) and 

^(0) at each xi,. . . ,xn is equal to 1, so that N = fc^[(D]^ ^0. □ 

1.2. Topology of Lefschetz fibrations at singular fibres. Let S be an oriented sur- 
face and 5 C S an embedded circle. Fix an annular neighbourhood U of 6 and realise it 
as the annulus {{p,9) : ^ < p < 2,0 ^ 9 ^ 27i} with the orientation given by dpAdO. Let 
x{p) be a non- decreasing function with x(p) = for p ^ | and x{p) = 27r for p ^ 2. 

Definition 1.2. The positive Delin twist of S along 6 is the diffeomorphism : S — S 
which is identical outside the neighbourhood U above and is given by the formula 

Ts{p,e) = {p,e-x{p)) 

inside U. The negative Dehn twist is the inverse diffeomorphism, it is given by {p,0) i— > 
(P,^ + X(P)). 

The Dehn twist of a prescribed sign is unique up to isotopy. The sign of a Dehn twist 
is defined so that symplectic and usual algebraic Lefschetz fibrations have only positive 
Dehn twists in their monodromy. 

The positivity of the Dehn twists in symplectic Lefschetz fibrations plays no role in 
the proof. This is the reason why the result can be generalised to topological Lefschetz 
fibrations. 

The notation Ts will be used both for the Dehn twist along a prescribed embedded 
circle 5 C S with a given sign and some specified neighbourhood U and coordinates (p, 9) 
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on it and for the isotopy class of such a twist inside the corresponding mapping class 
group, see §.Z. 31 below. 

Let A be a disc with the boundary dA =: 7, Z a 4-manifold, pr : Z ^ A a proper 
Lefschetz fibration with a unique critical point z* over the origin G A. Denote by S the 
generic fibre of pr : Z ^ A, say over ?/o ^ 7- 

Lemma 1.3. (1) The manifold Z can be deformationally retracted on the singular fibre 
S* := pr-i(O). 

(2) The monodromy along the boundary circle dA acts on S as the Dehn twist along 
a certain embedded circle 6 G T,, and the singular fibre S* is obtained from S by 
contracting 6 to the nodal point on S*. 

(3) If 6 is non- separating, then the homology group H2(S*,Z) is isomorphic to Z and 
generated by the image of the fundamental class [T] G H2(S,Z); otherwise, the group 
H2(E*,Z) is Z©Z generated by the fundamental cycles of the two irreducible compo- 
nents of S*. 

(4) The homology group Hi(S*,Z) is the quotient of Hi(S,Z) by the subgroup Z([5]) 
generated by [6], and the cohomology group H^(S*,Z) is the orthogonal submodule 
Z([(5])"'" C Hi(S,Z) with respect to the natural pairing Hi(Zl,Z) x Hi(S,Z) —>■ Z. 

(5) The homology groups of the boundary dZ = Z^ can be included into exact sequences 

^ Hoi'y, Jifi{Zy,Z)) Hi(Z^,Z) ^ H,{^,J^o{Zy,Z)) 
Ho{^,je2{Zy,Z)) H2(Z^,Z) Hi(7,^i(Z„Z)) 

in which J^p{Zy,'Ij) denotes the locally constant sheaf with the stalk ]^p{Zy^'L) over 
1/ G 7. In particular, we have natural isomorphisms 

Hi(7,Z) ^Hi(7,,^o(^y,Z)) and Ho(7,^2(^y,Z)) ^ H2(S,Z), 

the group Hi(7, J^(Zj^,Z)) is the subgroup [5]-^ of Hi(S,Z), i.e., it consists of \ E 
Hi(E,Z) with \ n[6] = 0; Ho(7,e^(^y,Z)) is the quotient group 0/ Hi(E,Z) with 
respect to the subgroup Z([5]) generated by [6]. 

For the proof we refer to [AG Vj . The exact sequences in are obtained from the 
Leray spectral sequence of the projection pr : Z^ ^ 7. The circle 6 is called the vanisliing 
cycle of the monodromy at z*, and its homology class [6] G Hi(S,Z) is called the vanishing 
class. 

1.3. Homotopy type of groups of surface diffeomorphisms. Let S be a closed 
oriented surface of genus g = g{T,) with the base point zq G S. Denote by ^ff_^_{T,) 
the group of orientation preserving diffeomorphisms of S, by ^iffj^_(T,,ZQ) the subgroup 
of diffeomorphisms preserving the base point Zq, and by ^iff^(T,,[zQ]) the subgroup of 
diffeomorphisms preserving the base point zq and acting trivially on the tangent plane 
T^qS. Denote by Map^, Mapg ^, and Map^ the corresponding mapping class groups, i.e., 
the groups of connected components of ^ff_^_{T,), S>iffj^{Jl,ZQ), and 3>iffj^{T,,[zQ\). Observe 
that the natural action of S^f^iT?) on S induces the principle fibre bundle ev^g : ^i[f+(S) 
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S given by / G .^^^(S) f{zo) G S with the structure group ^jf'j^{T^,zo). In this way 
we obtain the long exact sequence of homotopy groups: 

^^^^ • • • ^ ^ 7rfe(W+(S,^o)) - 7rfe(W+(S)) ^ 7rfe(S) ^ • • • 

. . . ^ A, vro( W+(S,^o)) ^ vro( ^ 1. 

Similarly, the natural action of ^ff^{Ti,zo) on T^^S by means of the differential D^^f : 
Tzg — of a given / G ^ff^(T,,zo) induces the principle fibre bundle : ^jf^{T,,zo) — > 
with the structure group ^jf^(T,,[zQ]). In this way we obtain a similar long 
exact sequence of homotopy groups: 

^^2) ■ ■ ■ ^ 7rfe+i(GZ+(2,M)) ^ 7r,( [zo])) ^ MW+i^^ ^o)) ^ ■ ■ ■ 

■ ■ ■ ^ 7ri(GZ+(2,M)) ^ 7ro(W+(S, N)) ^ 7ro( ^o)) ^ 1- 
The following facts about mapping class groups are well-known, see |Bi-2] or |Iva] . 

Proposition 1.4. i) In the cases g = and g = 1 the map 7ro(^^_,_(S,2;o)) 7ro(^5+(S)) 
is an isomorphism. 

a) In the case g ^2 the connected component ^jfolJ]) of S^^^iY?) is contractible and 
the sequence (11.11) induces the exact sequence of groups 

(1.3) 1 ^ 7ri(S) ^ Map^^i ^ Map^ ^ 1. 

Moreover, the group Map^ i is the subgroup of index2 of the group Aut(7ri(S)) and consists 

of those automorphisms o/7ri(S) which act trivially on H2(7ri(S),Z), the map 7ri(S) 
Map^ I associates with each 7 G vri(S) the inner homomorphism i^ : a E 7ri(S) 1-^ 707"-'^ G 
7ri(S), and the group Map^ is the corresponding group of outer automorphisms o/7ri(S). 
m) For g ^ 1, the long exact sequence (11.21) induces the central extension 

(1.4) 1 ^ Z = 7ri(GZ+(2,M)) ^ Map^,[i] ^ Map,,i ^ 1. 
ivj 7ri(W+(52)) = ^2, -mm+iT^)) = vri(T2) - Z^. 

The embedding tti(T,,zo) '^^P^.i i^'^^ g ^ 2) is easy to describe geometrically. 
Namely, for any 7 G 7ri(S,2o) we choose an isotopy : S — > S with t G [0,1] such that 
Fq = ids and such that the curve t G [0,1] ^-^ -^t(-2o) represents the class 7 G 7ri(S,Zo)- 
It follows immediately from the definition that Fi represents the image ^^(7) G Map^^^. 
In the special case when 7 G 7ri(S,2;o) is represented by a smooth embedded curve, still 
denoted by 7, one can give a more explicit description of i97r(7). Namely, let 7+ and 7_ 
be the right and left boundary components of a collar neighbourhood of 7 in E. Then 
the Dehn twists T^^ of E along 7-1- are well-defined elements of the group Map^ and, as 
it can be easily seen, 

(1-5) dM = T,^oT;\ 

It follows that Mapg ]^ is generated by Dehn twists along smooth embedded curves 7 on E 
which do not pass through Zq. 
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1.4. Homology of Lefschetz flbrations. In this subsection, we describe the necessary 
conditions for the homological triviahty of a Morse-Lefschetz embedding of the Klein 
bottle in a Lefschetz fibration pr : X ^ Y. We shall consider a somewhat more general 
situation than the one obtained by applying Lemma \1.2\ 

Let pr : X ^ y be a topological Lefschetz fibration with generic fibre E and oriented 
base Y. Assume that C X is an embedded Klein bottle such that 

(Tl) the image pr(i^) is an embedded circle T cY containing no critical value of pr; 

(T2) the restricted projection pr\K : -fC — > F is a bundle with the fibre 5*^. 

These conditions ensure that {X, pr,K,r) is a Morse-Lefschetz fibration of a special form. 

Identify S with the fibre pr~^(|/o) over a fixed point yo G F. Let m be the fibre of K 
over yo so that m = J]f]K. We call m the meridian circle of K but consider it mostly as 
a curve on S. Let Fr : S ^ S be the monodromy of the projection pr : Xr — > F. Recall 
that -Fr is defined up to isotopy. Consequently, we can choose so that Fr(m) = m. 

Let us consider an easier special case first. 

Proposition 1.5. Assume that [m] = G Hi(S,Z2) so that m separates E. Then the 
genus gofHis even and K is Z2-homologous to the fibre S = pr^^(?/o)- 

Remark. In the situation of the Ma/'n Tlieorem (once we have applied Lemma lL2\i . the 
fibre of the Lefschetz fibration is Z2-homologically non-trivial because it has intersection 
index 1 with any exceptional section. Thus, Proposition \1.5\ allows one to prove the IVlain 
Tlieorem in the (easy) case when the meridian circle m is homologically trivial in the fibre 
of a Morse-Lefschetz fibration for {X,K). In fact, it will be shown in §2.31 that the fibre is 
Z2-homologically non-trivial for any topological Lefschetz fibration with even fibre genus 
(see Theorem \2.21\ and Theorem 0) . 

Proof. By assumption, the meridian circle m divides S into two pieces, S\m = S'US". 
Since the monodromy Fr preserves the orientation on E and inverts the orientation of m, 
Fp must interchange the pieces S' and S". Realising Xr as the torus of the monodromy 
Fr : S — s> S, we see that the boundary of the Z2-chain S' x [0, 1] in Xr is [K] + [S]. Further, 
the pieces S' and S" have the same genus g', hence the genus of S is even, g = 2g'. □ 

Let us now tackle the more complicated case when the meridian is homologically non- 
trivial in the fibre of the Lefschetz fibration. Denote by fi := [m] G Hi(S,Z2) the homology 
class of the meridian and by y*, i = 1, . . . ,n, the critical values of pr : X ^ F (there may 
be none). For every y* fix a small disc Di containing y* and set Fj := dDi. The latter is 
an embedded curve surrounding y*. Denote Y° := y\(UjDj). Clearly, Y° is homotopy 
equivalent to the complement of the set of critical values. For any subset A (Z Y, let 
Xa := pr"H^) be the part of X lying over A. The set Xyo = pr-^(F°) is denoted by X°. 
In the case of separating F we denote by y+, YL the resulting pieces of Y and by gy, gy 
their genera. Set Y^ := Y±f]Y° and X^ := Xyg = pr-^{Yl), the latter are the parts of X 
lying over Y^. 

The homological spectral sequence for the fibre bundle pr : X° — > Y° degenerates at the 
term ^ and yields the exact sequence 

^ Ho{Y°,M{Xy,Z2)) ^ H2(X°,Z2) ^ Hi{Y\J^i{Xy,Z2)) ^ 0, 
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where J^p{Xy, Z2) denotes the locally constant sheaf with the stalk Hp{Xy,1.2) a.t y E 
Y°. Since the monodromy map Fr inverts the orientation of m we cannot have the 
case Y° — S'^. Consequently, the surface Y° is an Eilenberg-MacLane TTi-space and 

We use a special cell decomposition of Y° and the induced presentation of 7ri(y°) to 
calculate the homology groups Hp{TTi{Y°),M) with coefficients in a given 7ri(y°)-module 
M. Let qy denotes the genus of Y. The construction we use depends on whether the 
curve r separates Y or not. 

In the non-separating case we consider a polygon Cy with 2gY + n sides, n being the 
number of critical values of pr : X — > y and thus the number of holes in Y°. Mark and 
orient the sides of Cy according to the relation word 

(1.6) [6,771] •■■■•[e9„?7,J-ri-...-r„. 

Gluing the first 2gfy sides of Cy pairwise according to the marking and orientation we 
obtain a surface Y' of genus gy with one boundary circle divided in subsequent segments 
ri,...,r„. To obtain the surface Y° we divide each Fj into three pieces, say r[, F", and 
r'-', and glue to F'/' reversing the orientation. 

On the constructed surface Y° all the end points of the sides ^i^rji^Vj are identified into 
a single point. We take this point as the base point on Y° and obtain the presentation 

(1.7) 7ri(F°,|/o) = (6,7/i,---,C9y,7/gy;Fi,...,F„ | [6,771] [^^^,773^] ■ Fi F„ = l) 

for the group 7ri(y°,i/o)- Here we identify the curves C,i,f]i,^j with the corresponding 
elements in 7ri(F°,7/o). Further, we identify the curve F with 6- 

In the case of separating F we modify the construction as follows. Order the critical 
values y* so that the first n'^ of them he in Y+ and the last n~ •.— n — n^ in YL. Set 

■■= [6, 7?i] • . . . • [^g+ , ?7g+] • Fi • . . . • r„+ R- := [(,g++i , 77g++i] • ■ • ■ • ['^gy , ] • r„++i • . . . • r„. 

Take polygons Cy and Cy with 2gp + 71^ + 1 sides marked and oriented according to the 
relation words R'^ ■ F+ and R~ ■ F~, respectively. Glue the polygons Cy and Cy along the 
sides F+ and F~ and denote by F the resulting interval. We obtain a polygon Cy with 

2g'y + 77. sides marked and oriented according to the word • R~. Construct Y° from Cy 
according to this word as it was done above. As the presentation of 7ri(F°) we take 

7ri(y°,yo) = (ei,?7i,---,Gy,?7sy;ri,...,F„;F|i?+ = F-\i?- = F>. 

Observe that the images of the polygons Cy,Cy on Y° are glued into pieces Y^,Y° 
according to the relation words i?^ ■ F+,i?~ ■ F~, respectively. One can see that the 
fundamental groups 7ri{Y^) are embedded in 'Ki[Y°) by identification of generators. 

Now let TT be any group, tt = {X \ TV) its presentation with the set of generators X 
and the set of relations 7?., and M a 7r-module. Let Fr(A:') be the free group generated by 
X. Set A'^M to be the direct sum of "A* copies" of M, so that the elements oi X ®M 
are finite formal sums Xi ® rrii with Xi E X and rrii & M satisfying the distributive 
law for the first argument. Define TZ®M and Fr(A') ®M'm the same way. We consider 
X ®M and 7?.(8)M as subgroups of Fr(A') (g)M, and to distinguish between two copies 
of Fr(A') ®M we use the notation x®im and x<S)2'm-, respectively. Now set := M, 
Ml :— X 1^ M, M2 :— V.®M and define the chain homomorphisms di : Mi ^ Mq and 
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82 '■ M2 —>■ ^1 by setting di{x ^im) := xm — m and imposing the following derivation 
properties: 

• c?2(x(8>2^) = if X G A"; 

• d2{ab®2fn) = d2{a^2bm) +d2{b®2^) for arbitrary a, 6 G Fr(A'). 

It follows that there exists a unique 82 '■ ^2 ~^ ^1 with these properties. In particular, 
92(1 ®2^) = 92(1 ■1®2^) = 2^2 (1®2"^) and hence (92(102^) = for the neutral element 
1 G Vr{X). Similarly one concludes that d2{a~^ ®2^) = —d2{a®20'~^^) ■ 

The geometric meaning of these homomorphisms is as follows. From the presentation 
= {X \ TZ) one constructs the associated 2-dimensional cell complex Z with a single 
0-dimensional cell *, and with 1- and 2-dimensional cells indexed by X and TZ. The 
construction of Z simply repeats the construction of Y° above. Then 

is the cellular chain complex associated with the locally constant coefficient system on Z 
induced by M. In particular 81082 = 0. Moreover, Z is 2-equivalent to the Eilenberg- 
MacLane space B{7r,l) and hence for p = and p = 1 the p-th homology group of the 
complex (^,,9.) are the desired homology groups Hp(7r,M). 

By the very construction, Y° is homotopy equivalent to the 2-dimensional cell complex 
Z associated with both presentations of 7ri(y°) above. As the coefficient module M we 
use the homology group Hi(S,Z2). The image of the homology class [K] under projection 
V\2{X° ,2,2) \-\i{Y° ,J^i{Xy,Z2)) is easy to describe: It is represented by the chain 
T(g)iiJ,e Ml. 

Next, we describe the image of H2(X°,Z2) in H2(X, Z2). For this purpose we use the 
Mayer- Vietoris exact sequence associated with the decomposition of X into X° and UjX/).. 
Recall that X^. = pr~^(Z)j) and X°f]Xf)- = Xp- = pr~^(rj). The relevant segment of the 
exact sequence is 

(1.8) ■■■ H2(U,Xr.,Z2) ^ H2(X°,Z2)©H2(U,Xz5„Z2) ^ H2(X,Z2) ^ ■■• . 

Lemma 1.6. The kernel of the homomorphism H2(X°,Z2) H2(X,Z2) is generated by 
classes Aj whose projections to Hi(y°,^(Xy,Z2)) have the form Fj ®i Aj where Aj G 
Hi(Xy,Z2) are (1- orthogonal to 6i. 

Remark. The condition on Aj is vacuous if [6i] = G Hi(Xj,,Z2). 

Proof. Clearly, H2(LJjXr.) = ©jH2(Xr.). As in the case of X°, the homological spectral 
sequence for each of these summands reduces to the exact sequence 

(1.9) ^ Ho(F„^2(X„Z2)) ^ H2(Xr„Z2) ^ Hi(F„^i(X„Z2)) ^ 0. 

The group Ho(Fj,^(Xj^,Z2)) is just Z2 generated by [S]. Since 7ri(Fj) = Z, it follows that 
Hi(Fj,^(Xj^,Z2)) equals Hi(Z,Mj) where Mj is the group \-\i{Xy,Z2) with the action of 
7ri(Fj) = Z given by the monodromy along Fj, which is the Dehn twist Ts- along the vanish- 
ing cycle 6i. Thus Hi(Fj,=y^(Xj^,Z2)) is simply the space [6i]-^ of those A G Hi(Xj^,Z2) that 
are fl-orthogonal to S^. On the other hand, the group Ho(Fj, J^(Xj^, Z2)) is Z2 generated by 
the fibre class, and so the composition Ho(Fj,^(Xj^,Z2)) H2(Xr-,Z2) H2(X£i-,Z2) 
is an embedding. Consequently, the sequence (11.91) splits and Hi(Ti,Jifi{Xy,Z2)) can be 
considered as a subgroup of H2(Xr,,Z2). Moreover, the image of Hi(Fj,^(Xj^,Z2)) in 
H2(X£).,Z2) is trivial. The lemma follows. □ 
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Let us establish necessary conditions for the vanishing of [K] in H2(X, Z2). 

Proposition 1.7. Assume that fi = [m] is non-trivial but the projection of the class [K] 
to \-\iiY° ,J^i{Xy,Z2)) vanishes, 
i) In the case of separating T there exists a decomposition fi = fi+ + fi^ E Hi(S,Z2) 
such that for the pieces and Y° the monodromy action of the fundamental group 
(resp., T[i{Y°) ) preserves /i+ (resp., In particular, both /i+ and /i_ are 
Fr-invariant. 

a) In the case of non-separating T the monodromy group of pr : X° Y° acts trivially on 
^ G Hi(S,Z2). Moreover, there exists a class v G Hi(S,Z2) such that = (1 + F^~^)z/ 
for the monodromy Fj^^ along rji and such that v is invariant under the action of the 
remaining generators in the above presentation of ii\{Y°\ 

Proof. To simphfy notation, we denote by C,i,rii,rj the curves on Y°, the corresponding 
elements in 7ri(y°), the generators of the associated free group, and the monodromy 
transformations along these curves. 

i) It follows from Lem ma IT^ that the element r®i/i can be represented in the form 

r ®i = ^2 ■ r 02 + d2 {R- ■ r-i ®2 /i-) + ^^ ®i 

for some fi±, Aj G Hi(S,Z2) such that Aj are fl-orthogonal to 6i. Let us expand 92(-R"^T(8>2 
preserving the commutators [^i,rii] and denoting by wf the final subword of _R+ ■ F 
after the letter Fj and by ifj' the final subword of ■ F after the commutator [.^j,?7j]. In 
particular, = F, w^+_-^ = F„+ -F, = F2-. . .■F„+ -F, and similarly for wj'. This gives 

d2 ■ F ®2 = ^2 ([6, r^i] ■ . . . F„+_i ■ F„+ ■ F ®2 /i+) 

= T(^ifi+ + F„+ (g)i FyU+ + F„+_i 01 F„+ ■ F/i+ H \-Ti®iwl ■ fi+ 

+ d2{[^l,Vl] ®2W^!W) 

and a similar formula for d2{R^ ■ F^^ ®2/^-); with the only difference that the first sum- 
mand will be — F®2r~^/i_. The expansion of the commutators gives 

= i®i (r7-i)rV''^+'?®i(i-orV''^- 

Collecting similar summands (and ignoring the signs since we are working with Z2-spaces) 
we obtain the desired decomposition /i = /i+ + F~^/i_ from the coefficient of F, the 
equality Aj = w\ as the coefficient of Fj, and the equalities {rji — Vj^l'^rj^'^vo"} = 0, 
{1 — C,i)C,i^^i]^^w\^ fi± = from the coefficients of C,i and rji. Now observe that the equality 
Aj = wffi± together with the fl-orthogonality Aj fl 5i = mod 2 implies that wffi± is 
invariant under the action of the Dehn twist T^. which is the action of Fj. This yields the 
identity Wq/z+ = = • • ■ = F/i+ for alH = 0; 1, . . . ,71"*". Here we have set Wq := Fi • wf, 

this element coincides with w^\. 



16 



V. SHEVCHISHIN 



The triviality of the action of ^i,r]i is proved in the same way. Indeed, the equahties 
above mean that both and rji act trivially on ^~^ri^^wl^fi+, so that wfj^+ also remains 
invariant, and then we conclude w|Li/i+ = wP/x+. Summing up, we obtain the vri(F|J)- 
invariance of Tfi^. Finally, since F can be expressed in tti{Y^) as a product of already 
treated elements, F/i+ = The argument for the case of is the same. 

a) This time we have F = in 7ri(y°) and the unexpanded relation reads 

6 ®i = d2 {R ®2 i^) + Ei ® 1 A,. 

The expansion provides the same equalities as above, except for the coefficient of which 
now is /i+ {rji — l)^~^ri~^Wii'. As above, we can conclude the invariance of u with respect 

to C,i,Tii for i = 2,...,n and with respect to all Fj's. So the remaining equalities are 

^?7f V = 77f V and {l + rii)^,^^!]^^^ = ji. Since the commutator [^i,?]!] is equal in vri(F°) 

to an expression in the remaining generators, the actions of and rji on v commute. 

Thus the first remaining equality is equivalent to the ^i-invariance of z/, and the second 

yields (1 + ri^^)v = n, as desired. □ 

Lemma 1.8. The first homology group of X can be included into the exact sequence 

(1.11) ^ Ho(F°,^i(X„Z2)) Hi(X,Z2) ^ Hi(r,Z2) ^ 0. 

Proof. The claim is trivial in the special case when 1^ = 5*^ and there are no critical 
points of pr : X ^ y = S*^. In the remaining cases we consider the homology of X°. The 
Leray spectral sequence reduces to the exact sequence 

(1.12) ^ Ho(F°,^i(X„Z2)) Hi(X°,Z2) ^ Hi(r°,Z2) ^ 0. 

To obtain ( II. lip , we use the Mayer- Vietoris sequence corresponding to the covering X = 
X°U (UiX^J with X°n (U^a) = LJiXr,. This gives us the realisation of Hi(X,Z2) as 
the cokernel of the homomorphism 

(1.13) e^Hi(Xr„Z2)^Hi(X°,Z2)©e,Hi(Xz)„Z2) 
For each Xr we have 

(1.14) ^ Ho(F,,,^i(X„Z2)) ^ Hi(Xr„Z2) ^ Hi(F„Z2) ^ 0. 

Now observe that the embedding Xr^ C X^. induces an isomorphism Ho(Fj, J^(Xj^,Z2)) 
Hi(X/)i,Z2) and hence a natural splitting of fll.l4p . "Inserting" this splitting in fll.131) 
we see that each Hi(Fj,Z2) = Z2 "kills" the class in Hi(y°,Z2) from fll.l2p represented 
by the curve Fj C F. □ 
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1.5. Z2-sections of Lefschetz fibrations. If K is Z2-homologically non-trivial under 
the assumptions of Proposition \1.7\ then it must be Z2-homologous to the generic fibre 
pr~^(?/o)- (The same situation occurred in Proposition \1.5\ above . ) In turn, the homological 
non-triviality of the generic fibre is equivalent to the existence of a class [a] G H2(X,Z2) 
with [a] n [K] 7^ 0. In this paragraph we study the properties of such [a]. This will give 
us the possibility to construct examples of Lagrangian embeddings of the Klein bottle in 
symplectic manifolds {X,uj) with trivial homology class. 

We maintain the notation from the previous paragraph with a minor modification. In 
particular, F is a compact surface with a smooth boundary dY, possibly empty or not 
connected, and pr : X —^Y a. Lefschetz fibration with a generic fibre S = pr~^(?/o) of genus 
g such that all critical values y* do not lie on dY. Denote by Y° the surface obtained 
from Y° by cutting small pairwise disjoint discs Di centred at y*. Then the restriction 
pr : dX —y dY is a fibre bundle with fibre S. 

Definition 1.3. A Z2-section of pr : X -^Y is a relative homology class a G H2(X, dX; Z2) 
which has non-trivial Z2-intersection index with the class [S] of the generic fibre. We 
denote by da G Hi{dX,Z2) the class of the boundary of a and by G H^(X,Z2) the 
Poincare dual class. For an open set U CY with smooth boundary dU which avoids the 
critical values y* we define the restriction of a on the piece Xjj = pr^^{U) by means of the 
restriction of o"^, so that (cr|x[,)^ := cr^lxy 

The latter definition can also be used to define da, since {da^ = cr^l^x- 

The cohomology group H^(X,Z2) where o"^ "lives" admits a description dual to the one 
given above for the homology group H^(X, Z2). In particular, we have the exact sequence 

^ H\Y°,Ji^\Xy, Z2)) ^ H2(X°,Z2) ^ H^iY°,J^^{Xy,Z2)) ^ 0, 

where J^P{Xy, Z2) denotes the locally constant sheaf with the stalk H^{Xy,Z2) at y G 
y°, H'^{Y°,J^^{Xy,Z2)) is naturally isomorphic to Z2([S]), and H\Y ° ,J^\Xy, Z2)) = 
\-\^ {tti(Y°) , Jif^ {Xy ,Z2)) ■ Moreover, for any '7ri(y°)-module M we can calculate the groups 

H^(7ri(y°),M) using the resolvent ^ 0, dual to the resolvent 

{^,,d,) from the previous subsection. In the case of a finite presentation {X\TZ) of 7ri(y°) 

the cochain groups coincide with the corresponding chain groups, so that = M, 

= X®^ M, and = 1Z®^ M, and the index in indicates that the element lies in 

The differentials d* are dual to d, and are given by the transposed matrices. One 

sees immediately the formula : m Xli^* ®^ i^i — 1) """^ for d^^^ : = M ^ M^. 

The formal expression for rf*^^-* : M'^ is d^'^'^ ( ^ . Xi ®^ ^j) = Ylij ®^ §^ ' ''^i "where 

the sums are taken over all Xi E X and Rj G TZ, and -q^ denotes the Fox free differential 

of the word Rj in the free group generated by X, see |Bi-2] . For a given Rj, the 

R 

coefficient ^ ■ mi equals the value on Rj G ff{X) of the unique cross- homomorph ism 
(f) : Fr(A') M with (f){xi) = m^. Recall that cross-homomorphisms are characterised by 
the property that (j){a ■ b) = (f){a) + a ■ (f){h) for every a, 6 G ¥r{X), which is simply the dual 
of the derivation properties of the differential ^2. 
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For g ^2, denote by Mapg the group in the extension 

(1.15) l^Hi(S,Z2)^Mrp,^Map^^l, 

so that Mapg is the quotient of Map^ ^ by the image with respect to of the kernel of the 
homomorphism 7ri(E,2o) — Hi(S,Z2). A Dehn twist in Map^ is a projection of a Dehn 
twist Ts e Mapg 1- 

Lemma 1.9. Let pr : X Y be a Lefschetz fibration of a closed manifold X and 
{^j,rij,ri\R) the above presentation of the fundamental group 7Ti{Y°) with a single relation 
word. 

i) The image of the homomorphism H^(X, Z2) — > H^(X°,Z2) is generated by the class 
of some 7j2-section (if such exists) and by classes from ]r\^{Y° ,J€'^{Xy,'Ij2)) represented 
by cocycles of the form 

(1.16) A^ = E,(e,®'Aj + r/,®VJ) + E.r.®^nA^GHi(r°,^i(X„Z2)), 

where rii G Z2, Ajj/iJ G H-'^(S,Z2), and 5/ is the Poincare dual of the class [5i\. 

a) The obstruction to the existence of a Z2-section of the fibration pr : X —yY is a coset 
class [-i?^] of the quotient of the group 3?^ by the subgroup of all cohoundaries (i^^^(A^) 
such that A^ has the form (11.161) . 

m) In the case g ^ 2, the obstruction [■i?^] G / {d^^\X^ )} vanishes if and only if 
the monodromy T : 7ri(y°) Map^ of pr : X° Y° can be lifted to a homomorphism 

T : 7ri(F°) — > Mapc, such that Ti^i) is a Dehn twist in Map^,. The difference between such 
two lifts T\,T2 '■ 7'"i(^°) Mapg is a cross-homomorphism (p : vri(F°) — > Hi(Si) which 
is associated with the unique cochain A^ of the form (11.161) whose Poincare dual A<^ has 
coefficients Xj = 4>{^j), fij = 4>{Vj)> niSi = 4>{Ti). 

Proof. The first two assertions are dual to Lemma lLR so the proof proceeds by dualising 
the homomorphism and taking into account the duality between kernels and images. The 
last assertion follows from the fact that the natural embedding 9^ : '7ri(S,2;o) Map(S,2;o) 
induces an inclusion Hi(S,Z2) "—>■ Mapg for any g^2. Then one observes that the group- 
homological meaning of both constructions is the same. □ 

It should be noticed that in the case g = 1 the obstruction [d'^] to the existence of a 
Z2-section is not determined by the monodromy in Map^ = Map^^ ^. This reflects the fact 
that the homomorphism : iriiT^) = 1? ^ 7io{^^{T'^)) in ([TT])' is trivial. 

1.6. An example. We construct an example of a Lagrangian embedding of the Klein 
bottle in a projective surface X equipped with a Kahler form u such that the homology 
class [K] is trivial. In the example, K will be fibred over a non-separating circle in the 
two-torus T^. 

Let y be a two-torus. Pick a fiat metric on Y. This gives us a complex structure and 
a Kahler form uuy on Y. We may assume that the cjy- volume of y is 1. Fix a geometric 
basis of Y, represented by embedded curves ^ and rj meeting transversally in a single 
point. 

Let E be another two-torus, realised as the quotient of C by the lattice A generated 
by vectors a := 1 and P := e^'^^^^. Let cjs be the fiat Kahler form on S such that the 
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CUE- volume of S is also 1. Consider the C-linear homomorphisms := — id : C — C and 
:= e'^'/'^id : C ^ C. Clearly, they define holomorphic automorphisms of E preserving 
the base point zq -.= & S, also denoted by and F^. 

Let pr : X he the fibration over the base Y with the fibre S and with monodromy 
F^ along ^ and along r]. It follows that there exists a fiat Kahler structure on X with 
the Kahler form u, in which X is the product {Y,ujy) x (S,L(Js) locally near each fibre. In 
particular, there exists a fibrewise Kahler form uj-^ on X such that u = pr*ujY + ^^-e- 

We claim that is a polarisation of X corresponding to a certain holomorphic line 
bundle .if. Indeed, since the monodromy preserves the base point Zq eT,, we obtain the 
horizontal section ctq which is constantly zq. It follows that ctq is holomorphic. Now it 
is easy to see that u represents the Chern class Ci(=Sf) of the holomorphic line bundle 
^ := ^x(o"o + ^y) of the divisor ao + Xy, Xy being the vertical fibre over some point 
y eY. By Kodaira's embedding theorem, see e.g., [Gr-Haj . =Sf is ample and hence X is 
projective algebraic. 

Now let us compute H2(X, Z2) using the homology spectral sequence. Its F^ ^-term con- 
sists of the groups Hp{Y, J^q{Xy, Z2)). The groups Ho{Y,^2{Xy,Z2)) and H2(F,'^(Xy,Z2)) 
are both Z2's, generated by the class of the fibre Xy and the section (Tq, respectively. To 
compute Hi(Y,Jifi{Xy,Z2)), observe first that the monodromy actions of F^ and F^ are 
given by the Z2-matrices id and do)) respectively. Using the notation of H1.4\ we see that 
Hi(y,^(Xy,Z2)) is represented by the cycles A = ^®A^ + r7(8>A^ with Ag,A^ G Hi(E,Z2) 
satisfying (9i(A) = (F^ — id) A,, = 0. Since F^ — id is non-degenerate, A must be of the form 
^ (S> A^. The calculation from fll.lOp shows that the boundaries can be written as 

d2{[^, r/] ® z/) = e ® (i^, - id)Ff V + r/ ® (id - F^)F-'F;'u = ^^{F,- \d)F^'F-^u 

and hence cover the entire group of chains. Thus Hi{Y,Jifi{Xy,7j2)) is trivial. Clearly, 
the classes of the fibre and the section survive in H2(X, Z2) (this means that the spectral 
sequence degenerates in the term F^ ^), so that we obtain H2(X, Z2) = Z2{[Xy], [ctq]). 

Now let us construct two Lagrangian embeddings of the Klein bottle in X. Consider 
the following curves on S: 

(3q ■= {t . e2-i/3 G S = C/A : t G M} A := { r e"^/^ + 1 ■ e^-Vs g S = C/A : t G M} 

Both curves are closed geodesies on S representing the homology class corresponding to 
(3 = e^^'/^ G A = i/i(S,Z). Moreover, both curves are invariant with respect to the 
transformation F^ = —id. For the curve Pi, this follows from fact that 2 ■ ^e'^^^^ = e'^'/^ = 
g27ri/3 _^ I ijgg ^Yie lattice A. 

Now define the surfaces Kq and Ki in X which consist of points {y, z) E X such that y 
lies on ^ and z on Pq or respectively. In other words, we take a point yo G ^, realise 
Po and Pi on the fibre pr~^(?/o), and then carry them around ^ using parallel transport. 
Since F^{Pi) = Pi, Kq and Ki are indeed closed surfaces. From the fact that F^ inverts the 
orientation on each Pi we conclude that Ki are Klein bottles. The local product structure 
of the symplectic form u ensures that Ki are cu-Lagrangian. 

To find the homology classes [Ki] G H2(X, Z2) we observe the following. Since Ki 
are disjoint from the generic fibre of X, each Ki must be Z2-homologous to the fibre or 
homologically trivial. Since Ki is disjoint from ctq, [Ki] = G H2(X, Z2). On the other 
hand, the pair Po,Pi separates the torus E, and applying the argument from the proof 
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of Proposition IJ.5I to the union j3o U /5i instead of the meridian circle m we conclude that 
[Ko] + [Ki] is homologous to the fibre. Thus [Kq] = [Xy] ^Oe H2(X,Z2). 

2. Combinatorial structure of mapping class groups 

2.1. Coxeter— Weyl and braid groups. Let us first recall standard definitions and facts 
concerning Coxeter- Weyl groups and Artin-Brieskorn braid groups. 

Let S = {si, . . . ,Sr} he any finite set. A Coxeter matrix over iS is a symmetric r xr-matrix 
M = {rriij) with entries in NU {oo}, such that ma = 1 and ruij ^ 2 for i ^ j. The pair 
{S, M) is called the Coxeter system. Often we shorten the notation for a Coxeter system 
to S and understand M as a structure on S, denoting it by Ms. If s = Si,s' = sj G S, 
then ruij is also denoted by m^^s'- 

The Coxeter grapli A = A{S,M) associated with a Coxeter system {S,M) has S as the 
set of vertices; Si and sj are connected by a wedge iff m^- ^ 3; if rriij ^ 4, this wedge is 
labelled by the entry rriij = ^ji- The labelled Coxeter graph A completely determines 
the associated Coxeter matrix. 

For any subset S' <Z S the induced Coxeter matrix M' is the restriction of M = Ms 
onto S' . The associated graph A' := A(iS',M') is a full subgraph of A, i.e., any two 
vertices Si,S2 € S' are connected and labelled in A' in the same way as in A. 

For any two letters a, 6 and a non-negative integer m we denote by (afe)™" the word 
ahab ... of the length m consisting of alternating letters a and h. If a and h lie in a group 
G, then {ab)"^ denotes the corresponding product in G. 

Definition 2.1. The Artin-Briesl<orn braid group Br(iS) = Br(S,M) of a Coxeter system 
{S,M) is the group generated by S with (generalised) braid relations 

(siSj)"^^^ = {sjSi)"^^^ for each i ^ j, such that rriij < oo 

as defining relations. The Coxeter-Weyl group \N(S) = \N{S,M) is obtained from the 
braid group Br(iS) by adding the reflection relation = 1 for each s G iS. 

The kernel of the natural projection vr : Br(iS) W(5) is called the pure braid group 
of the Coxeter system {S,M) and is denoted by P{S). Its abelianisation is denoted by 

Pab(5). 

To distinguish equalities in different groups, we use the notation w = w' for equality 
in W(iS) and w = w' for equality in Br(iS). An expression of an element w from W(iS) or 
from Br(iS) is a word s = sl^ ■ . . .■si'' in the alphabet S, Cj = ±1, whose evaluation in W(5) 
or, respectively, in Br(5) yields w. Such an expression s is called positive if all equal 
+1. In view of the reflection relation s^^ = we may consider only positive expressions 
of w G \N{S). An element w G Br(5) is called positive if it admits a positive expression. 

Definition 2.2. The length i{w) of w E W(5) is the minimal possible length of an 
expression s = si ■ ... ■ of w. The \N-length of x & Br(iS) is the length C.\n{x) of its 
projection x := 7r(x) to \N{S). An expression s is reduced (or \N -reduced) if it is positive 
and its length equals its \N -length. 

A quasireflection in a Coxeter-Weyl group \N{S) is any element t conjugated to a gen- 
erator s E S. We denote by T{S) the set of quasireflection in \N{S). 
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Note that quasireflection are usual reflections in finite Coxeter-Weyl groups, and trans- 
positions in the symmetric groups Sym„. We will use the following standard properties of 
Coxeter-Weyl groups, see e.g. |Bouj or [Hum]. 

Proposition 2.1. i) (Strong Exchange Property.) Let s = si - ■ ■ Sq E \N(S) be a (positive) 
expression of an element w G \N{S), s eS a generator, and t G T{S,M) a quasireflection. 
Then i{ws) = £{w)±l and i{wt) — £{w) is odd. Moreover, if i{wt) < i{w), then there 
exists j = l,...,q such that w = Si - ■ ■ Sj-iSj^i - ■ ■ Sqt. The analogous property holds for 
the left products sw and tw. 

a) (Relations between generators.) The order of SiSj in \N{S) is rriij. Furthermore, for 
any subset S' C S, the natural homomorphism W(5') —>■ W(5) is injective, i.e., there are 
no new relations in \N{S) among the generators of\N{S'). 

m) (Uniqueness of tlie set of factors.) For any w G W(5) and any reduced expression 
w = si - ■ ■ si the set of factors Sw '■= {si, . ■ ■ ,si} is independent of the particular choice of 
the reduced expression; the set Su, generates the unique minimal subsystem S' G S such 
that w lies in \N{S'). 

iv) (Conjugacy classes of generators.) Two generators s',s" G S are conjugated if and 
only if they can be connected by a chain sq = s', Si, . . . , s„ = s" such that each index 
i^Si-iySi is odd. In particular, for a connected graph A{S) with no labelling (i. e. such that 
each rriij is 2 or 3 ), the set of quasireflections T{S) consists of elements conjugated to 
any given s E S. 

Lemma 2.2. Suppose that w E W(5,M) admits two factorisations w = siWi = S2W2 with 
Si S2 E S and Wi,W2 E W(iS) such that i{wi) = i{w2) = i{w) — 1. Set m := ms^s2- Then 
w admits a factorisation w = {siS2)"^Wo = {s2Si)"^Wo with £{wo) = i{w) —m. 
A similar property holds for factorisation w = w'lSi = W2S2. 

Proof. Fix factorisations w = (siS2)"'^fi and w = {s2Si)"'^V2 such that i{vi) = i{w) —Ui 
and such that the lengths Ui are the maximal possible. Then 1 ^ ^ m. Indeed, if 
rii > m, then w admits a reduced expression which starts with {siS2)''^~^^ ■ But then 

(5152)"^+^ = s,{s2S^r = Si{siS2r = ^^(saSi)"-^ = {S2s^r-' 

has smaller W-length, in contradiction with i{vi) = £{w) —ui. 

There is nothing to prove if Ui or n2 equals m, so we assume that ni,n2 < m. Fix 
reduced expressions Vi for fj, so that (siS2)"^fi and (s2Si)"^V2 are reduced expressions 
for w. Then by the Exchange Property applied to the relation l{s2w) = i{w) — l,w 
admits an expression 521^2 such that W2 is obtained by removing a single generator s* 
from {siS2)"'^Vi. It could not be the first letter si since Si 7^ S2. It could not be the 
last letter in the subword (siS2)"'^ since then (siS2)"^ = (s2Si)"^ in contradiction with 
rii <m = ms^s2- It could not also be an inner letter in the subword (siS2)"^ since then we 
would obtain a squared generator as a subword of 821^2 and conclude that £(521^2) < (^{w). 
Thus the letter s* is removed from Vi. Denoting by v'2 the obtained word, we get a reduced 
expression (s2Si)"i"^^t>2- This implies that ^2 > ni. By symmetry, we must have Ui > n2. 
This contradiction shows that in fact ni = n2 = m, as desired. □ 
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Lemma 2.3. For any two reduced expressions s = si - . . . ■ si and s' = s[ - . . . ■ s'l of a given 
w G W(iS), their evaluations in Br(5) define the same element w G Br(5). In particular, 
the correspondence w G W(5) w E Br(5) is a set-theoretic section of the projection 
tt: Br(5) ^W(5). 

Proof. Using induction on the length of w we may assume that the claim holds for all 
elements v G W(iS) of length i{v) < i{w). This implies the lemma in the case si = s'l, so 
we may assume that si 7^ s[. Set m := mg^^s'^. By the previous lemma, w admits reduced 
factorisations {sis'i)'^wq = (s'^si)™wo- By induction, the lift wq G Br(5) is well-defined. 
Since {sis'i)'^ = (s'^si)™ in Br(i5), the latter two factorisations define the same element 
{sis[)'^Wo = {s[si)'^Wo G Br(iS). On the other hand, s := Si ■ ... -S/ equals {sis[)^Wo in 
Br(5) since they have the same first letter si. The same argument for s' := s[- ... ■ s'l 
finishes the proof. □ 

Applying the Reidemeister-Schreier theorem (see e.g. |Co-Zi] or |Ly-Sch| ) we obtain a 
presentation of P(5). 

Proposition 2.4. i) The pure braid group P{S) is generated by the elements (si...s;)- 
Sg ■ (si . . . si)^^ such that the product si . . . siSq is \N -reduced. 

a) The Reidemeister-Schreier defining set of relations in P{S) consists of products of 
the form w-R-w~^, where w varies over the Coxeter-Weyl group \N{S), R over the 
defining set of braid relations in Br(iS), and w-R-w~^ is written as a product of the above 
generators {si . . .) ■ Sq ■ (si . . .)~^. 

Definition 2.3. The elements produced by the proposition are called Reidemeister- 
Schreier generators and relations, or simply RS-elements. If we denote by a*b the conju- 
gation ofb by a so that a*b := aba~^, then all RS-generators have the form w*sl. 

Remark. More precisely, the generators produced by the Reidemeister-Schreier theorem 
are elements of the free group Fr(iS), and their explicit form depends on the concrete 
expression Si...s/. However, by Lemma we only need to know the corresponding 
element in \N{S). 

Proof. We only indicate the algorithm which realises any / G P{S) as a product of 
generators. Let / be represented in the form f = fi - w ■ ■ f2 so that fi is a product of 
RS-generators, w is a W-reduced element in Br(iS), = a letter with s E S, and /2 any 
element in Br(iS). Find wi G W(iS) such that wi = w-s. Then f = fi-{w- s'^-Wi^) -wi ■ /2. 
Thus we only need to represent w ■ s'^ ■ as a product of RS-generators. Here we must 
consider four cases according to the possible values of the W-length of wi and the sign 
e = ±1. Recall that iw{wi) = C\n{w) ± L Then we obtain 

• case l{wi) = £{w) + 1 and e = +1: Wi = w ■ s and w ■ s- = 1; 

• case i{wi) = i{w) + 1 and e = — 1: Wi = w ■ s and w ■ ■ w^^ = (w* 

• case i{wi) = £{w) — 1 and e = +1: w = Wi- s and w - s- Wi'^ = Wi* s^; 

• case i{wi) = i{w) — 1 and e = —1: w = wi- s and w ■ ■ = 1. □ 
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Proposition 2.5. i) The abelianisation Pab('5) of the pure braid group P{S) is a free 
abelian group admitting a basis generated by RS-elements w*s'^ E P{S). 

a) The projection of every element x*s'^ with x G Br(i5) and s E S into Pab{<S) is a 
generator [w)* s^]ab for some w G W(iS) and s E S, not unique in general. Moreover, w*s 
can be obtained by a sequence of the following transformations: 

(AO) replacing x* with x G Br(iS) by x' * with some x' G Br(5) such that x and x' 

have equal projections to \N{S), x = x' G \N{S); 
(Al) replacing {x- {S1S2)'') * s'^ by {x ■ {s2Si)"^~''~^) * s'^'^ where 

— X G Br(iS), Si, S2 G iS, m : = ms^^sj < 00, k = 0, . . . ,m — 1, 
~ S3 = Si if k is even and S3 = S2 if k is odd, 

— S3 = 53 if m is even and S3 is the remaining element in the pair si,S2 otherwise. 

Proof. First let us show that relations (AO) and (Al) hold in Pab{<S). The first one 
follows from the equality 

(xsly) *sl = {xsly)sl{xslyy^ = xsjx''^ ■ {xy)sl{xyy^ ■ (xsix"^)"\ 

For the second one, we observe that it is sufficient to consider the case x = 1. Represent 
the braid relation (S1S2)'" = (s2Si)™' in the form (siS2)™'~^S3 = S2(siS2)'"~^. An algebraic 
manipulation gives 

(SlS2)"^-^S3((SiS2)''"-^)-^ = S2, 

SO that squaring yields the desired relation for = m — 1. The conjugation by ((siS2)')^^ 
and application of (AO) gives the rest. In the special case si = S2 =: s we must have 
m = 1 and = 0, so that m — k — 1 =0 and the only relation in (Al) is the trivial equality 
(x ■ s) * s^ = X * s^. 

Fix a ^ b E S such that m := niab 7^ 00. Let Wq G W(5) be any element. Set 
a2i-i := &2i := 0,, a2i := &2i-i := b, Wi := Wi ■ {aby, and w'^ := Wi ■ {bay. Observe 
that {aby"^ = 1 G W(iS), so that and w[ are 2m-periodic, that is, Wi+2m = "W^i and 
Wi^2m = '^'i- Besides, bi = a2m-i and w'^ = W2m-i- The induced RS-relation reads 

Let Wk be an element of maximal W-length. Then i{wk-i) = i{wk-\-i) = £{wk) — l. In this 
situation Lemma [Z^ implies that v := Wk±m is the shortest element with i{v) = i{wk) — m 
and for every i = 0, . . . ,2m one has either Wk±m±i = v{aby or Wk±m±i = v{bay. It follows 
that Wi = V ■ Vi with i{wi) = i{v) + £{vi) such that Vq is either {aby or (6a)' for some 
/ = 0,...,m. This means that the relation we consider is obtained by conjugation by v 
from the relation 

(2.1) nr=i(^-i ■ a. ■ V.') = uT=M-i ■ h ■ v'-\ 

where fj, v[ are defined in the same way as Wj, w[. 

In view of the symmetry a ^ 6, we assume that Vq = {aby with I ^m. If / is even, we 
obtain the following sequences of words Vi and v'f 

{{aby+' i = 0,...,m-l ({aby-' i = 0,...,l 

{ab)"" = {ba)"" i = m-l v[ = < {aby = {bay = 1 i = m-l 

(fea)™"*"'"* i = m — l, . . . ,m I (6a)*~' i = l,...,m 
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If I is odd, these two sequences are interchanged. The element Vi-i-ai-v^ is non-trivial if 
and only if £(fj„i) > i{vi), and the same is true for v[_^-hi-v'f^ . The corresponding values 
of i are i = m — I + 1, . . . ,m for Vi and i = 1, . . . ,/ for v'^. Comparing the corresponding 
factors, we see that the induced relation in Pabl'?) is the sum of relations (Al) over 
k = l,...,L □ 

Theorem 2.6. Two quasireflections t = w*s and t' = w' * s' in \N{S) with w,w' eVJ^S) 
and s,s' E S are equal if and only if the second can be obtained from the first by a sequence 
of the following transformations: 

(T) replacing {x ■ {siS2)'^) * S3 by {x ■ {s2Si)"^^''^^) * S3 where x G W(5) and si, S2, S3, S3 
have the same meaning as in part (Al) of Proposition \2.5[ 

In particular, the correspondence 

t = w*seT{S) ^ At:=w*s^ e P^b{S) for w G \N{S) and s E S 
defines a bijection between the set of quasireflections in \N{S) and the RS-basis of Pab('5). 

Proof. Denote by A{S) the RS-basis of Pab(A) constructed above and by * s^]ab 
the image of w * s"^ = w-s'^-w~^ in A{S). Observe that the transformation (Al) from 
Proposition 12.51 is obtained by squaring the transformation (T) and that the analog of 
(AO) in T{S) is the trivial transformation. This implies the second claim of the theorem 
modulo the first claim. 

In any case, we obtain a well-defined surjective map t : A{S) —>■ T{S) given by t : 
[w * s^]ab ^— ^ w * s, and the first claim of the theorem is equivalent to the injectivity of t. 
Since t is W(iS)-invariant it is sufficient to show that for every s eS and every w G \N{S) 
the condition w*s = s implies the equality [w)*s^]ab = [s^]ab- We proceed by induction 
on the length i{w). The case i{w) = is trivial. Fix a pair {w,s) with the property 
w* s = s. Assume that i{ws) = £{w) — 1. Then by the Exchange Property w = w's with 
i{w')=i{w)-l. But then 

w*s= (w's) * s = (w's) ■ s ■ {sw'^-^) =w'-s- w'^^ = w' * s, 

and hence [w * s^]ab = [w' * s^]ab = [s^]ab by the inductive assumption. In the case 
i{ws) = i{w) -|- 1 we conclude from Lemma [231 the equality ws = ws in Br(iS). On the 
other hand, the equality w*s = s means that w and s commute in \N{S), and hence 
£{sw) = i{ws) = £{w) + 1. As above, we obtain sw = sw and hence ws = sw. This 
implies the desired identity [w)*s^]ab = [s^jab- The proof follows. □ 

Summing up the results obtained so far, we have 

Theorem 2.7. For any quasireflection t G T{S) and any two representing expressions 
t = w* s and t = w' * s' with w, w' G \N{S) and s, s' G S, the evaluations w*s and w' * s' 
define the same element t G Br(iS). 

The set := {t^ : t G T{S)} is a minimal generator set for the pure braid group P{S). 
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Proof. Let si,S2 G 5 be generators and k < ms^si ^ non-negative integer. Then the 
relation {3182)^*83 = {s2Si)"^~^~^ * s'^ with S3, S3 as in the transformation (T) holds in 
Br(iS). Moreover, even if Si(siS2)'^ is not W-reduced, we obtain the equality 

{Sl {S,S2)') * S3 (si(s2Si)™-^-l) * S', = (siSs)™"' * s', {s2Si)''' * S3 

in Br(5). Similarly, 

{S2{S^S2)') * S3 {S2{s2s,r-'-') * s'3 = (siSs)"^"'-^ * s'3 

for k > 0. This implies that the relation 

(T) (x ■ {s^S2fr* ss = ix- {s2S,r-'-'r* s'3, 

where x G \N{S) and Si,S2,S3,S3 have the same meaning as in part (Al) of Proposition 
12.51 holds in Br(iS) even if x- {siS2)^ or x- (s2Si)™~'^"^ is not W-reduced. It follows that 
t = w * s E T{S) i := w * s induces a well-defined bijection between T{S) and the 
sets T^(iS) and T{S) := {t : t G T{S)} whose inverse can be obtained as the composition 

ief{S) ^ P G f\S) ^A = [PU e Pab(5). 

Now let X G Br(5) be an element which is either not W-reduced or non-positive. Then 
there exists a factorisation of the form x = x' ■ s'"^ ■ x" or respectively x = x' ■ s'~^ ■ x" in 
which the sum of Br-lengths of x' and x" is smaller than that of x. Let s G 5 be any 
generator. Then x* can be factorised as 

x * = (x' ■ s'2 ■ x") * = [x' * s'2) ■ ((x' ■ x") * s") ■ [x' * s'-2) 

in the first case, and as 

x * = (x' ■ s'-i ■ x") * s^ = (x' * s'-2) ■ ((x' ■ s' ■ x") * s^) ■ (x' * s'2) 

in the second case. Using this procedure one can express any RS-generator 00 ^ S clS 3i 
word in the alphabet T^(5). Consequently, T"^{S) generates P(iS). 

The minimality of the generator system T'^{S) follows from Theorem \2. 61 . Indeed, every 
proper subset of T^(5) generates a proper subgroup of Pab('5). 

Finally, let us observe that if i{w ■ s) = i{w) — 1 for some w G Br(iS) and s E S, then 
w = w' ■ s with w' = w ■ s and hence w * s = w' * {s * s) =w' * s. Thus every RS-generator 
P G T'^{S) can be represented in the form P = w* with a W-reduced word w ■ s. □ 

Let us now present a procedure that will allow us to describe the possible factorisation 
of a given a G P(iS) as a product of RS-generators If = Wi* sj G T'^{S). 

Definition 2.4. A factorisation of lengtii I of an element x of a group G is an expression 
f = /i ■ /2 ■ • • • ■ // whose evaluation in G gives x. A Hurwitz move is a transformation 
of such an f = fi- f2- fi whereby a pair fi ■ fi+i is replaced by fi+i ■ (fi^j^fifi+i) 
by {fifi+ifi'^) ■ fi and the remaining factors remain unchanged. We say either that fi is 
shifted to the right and /j+i is shifted with conjugation to the left or, respectively, that 
fi is shifted with conjugation. 

A Hurwitz transformation is a sequence of Hurwitz moves. Two factorisations f and f' 
connected by a Hurwitz transformation are called Hurwitz equivalent. 

Further details see e.g. in |Kh-Ku] . 
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Theorem 2.8. (Hurwitz Problem in Coxeter-Weyl Groups). Let t = ti-t2- ■ ■ .-ti he a factori- 
sation of the identity 1 G W(5) into quasireflections ti e T[S). Then the length I is even, 
I = 21' , and t is Hurwitz equivalent to a factorisation t' into squares of quasireflections, 
i.e., t' = t[-t'^-...- 1[ with = 4 eT{S). 

For the special case of finite Weyl groups W corresponding to simple complex Lie 
algebras, this result was obtained by Kanev [Kan], Proposition 2.3. His proof exploits 
another technique, namely, the geometry and combinatorics of the corresponding root 
systems. 

Proof. Since the set of quasirefiections T{S) is invariant under conjugations, any Hurwitz 
transformation of t changes t into a factorisation into quasirefiections. 

For a quasirefiection t G T{S) define its widtin as the smallest k such that t can be 
represented in the form t = w* s with w G W(iS), s G 5, and such that k = i{w). 

Shifting the first factor ti with conjugation to the right end, we obtain a factorisation 
t2 ■ t^ ■ . . . ■ ti ■ ti. Comparing it with the original factorisation t = ti ■ t2 ■ . . . ■ ti = 1, we 
obtain the equality ti = ti. Consequently, a cyclic permutation of the factors of t gives 
a Hurwitz equivalent factorisation. Thus we may assume that the last factor ti has the 
largest width among all ti. 

Now let us represent each ti, i = 1, ... ,1 — 1, in the form ti = Wi* Sj with the smallest 
possible length i{wi). Fix a reduced expression Wi for each Wi. Observe that inverting 
an expression w of any element w G W(iS) produces an expression for the inverse element 
w~^. In view of this, we denote by the inversion of an expression w. 

Now consider the expression w := Y[i=i'^i ' ' '^7^ ■ evaluation in \N{S) gives 
ff^ = ti, and its product with ti gives 1. By the Strong Exchange Property there exists a 
letter s in w whose removal from w gives an expression for 1. 

Consider first the case when s is the middle letter s,- of the expression w- ■ -wj^ for 
some tj. Then the remaining pieces w- -wj^ cancel, and hence 



On the other hand, shifting with conjugation the factor tj in ti ■ . . . ■ ■ tj ■ tj+i ■ . . . ■ 
to the right end, we obtain a factorisation ti ■ . . . ■ tj_i ■ tj^i ■ . . . ■ ■ ij. Consequently, 
tj = ti and ti ■ . . . ■ tj^i ■ tj ■ tj^i ■ . . . ■ ti-i ■ ti is Hurwitz equivalent to the factorisation 
ti ■ . . . ■ tj^i ■ tj+i ■ . . . ■ ■ ti ■ ti. Since in this case ti - . . . ■ tj^i ■ tj+i ■ . . . ■ ti^i = 1, we can 
complete the proof using induction on I. 

It remains to consider the case when the letter s appears, say, in the initial subword 
Wj in the expression Wj ■ Sj ■ for some tj. (The case when the letter s appears in 
the final subword can be treated similarly.) Write Wj in the form w' sw". Then 
w'w" = {w'sw'^^) ■ w' sw" and hence 



Now shift ti with conjugation to the left in-between tj-i and tj. This gives us a factorisa- 
tion of the form ti-. . .■tj_i-ti-tj-tj^i- . . .-t^-i. Comparing it with (12.21) we obtain the equal- 
ity ti = w'sw'^^. Observe that the width of ti = w'sw'^^ is at most £{w') < £{w'sw") 
and hence less than the width of ti. Now we can use induction on the sum of the widths 



ti- . ..■ ■ tj ■ tj+i ■ . ..■ ti_i =ti- .. .■ tj_i ■ tj^i ■ . . . ■ ■ ti 





of ti. 



□ 
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Now consider the following situation. Let G be a subgroup of \N{S). Then G acts on 
Pab(»5) by conjugation and we denote by Pab{<S)G the group of coinvariants (see |Bro] ) . 
Recall that Pab{S)G is the quotient of Pab('5) by the subgroup generated by the elements 
of the form w*A~A with w & G and A G Pab('5). Since \N{S) permutes basis elements in 
Pab('5), the group Pab{<S)G is a free abelian group with a basis given by the quotient set 
T{S)/G. Another description of Pab('5)G is as the quotient of P(iS) by the commutator 
group [G, P(5)] where G is the pre-image of G in Br(iS). We denote the elements of 
T{S)/G hy G-t and the elements of the induced basis in Pab('5)G by Ac-e or Ac-t- 

Theorem 2.9. Let G he a subgroup of \N{S) and x an element of P{S) which can he 
represented as the product x = Yli^T ' Y[j[^2j-i,X2j] such that ti are quasigenerators, 
ei = ±1, and [x2j-i,X2j] are commutators of some Xj G Br(5). Assume that the projections 
of Xi and tj to W(iS) lie in G. Then the projection [x]g of x to Pab{S)G lies in the free 
abelian group generated by basis elements Ac-t with t e G^T[S). 

Proof. First, we reduce the general case to the special one with no commutators. For 
this purpose we represent each Xj in the form Xj = x'j ■ x'- so that x'^ is a product of 
quasigenerators projecting to G, and x'- is a product of squares of quasigenerators. Using 
the commutation relations [x,y ■ z] = [x,y] ■ {y* [x,z]) and [x ■ y,z] = {x* [y,z]) ■ [x,z] we 
expand each commutator [x2i-i,X2i] as a product of quasigenerators projecting to G and 
commutators such that y projects to G and P is a squared quasigenerator. Since 

such [y,t'^] lie in P{S) and project to zero in Pab{<S)G, "we obtain the desired reduction. 

Observe that Hurwitz moves do not destroy the properties of factors t^' listed in the 
hypothesis. Thus applying Theorem 12.51 . we transform the original factorisation into a 
new one, still denoted in the same way, in which t2i-i = ^ W(iS). This mean that it is 
enough to consider the case when x is the product of two factors, x = il^ ■i'^2 with ti =t2- 
In the case when the signs ej are equal, say, ei = e2 = +1, we can rewrite this product in 
the form i^i-^^ti. Since t2eG{^T{S) by our assumptions, the square t^ has the desired 
form. Thus we may additionally assume that x = ii -t^^. 

We claim that the condition ti = t2 \N{S) implies that ^2 can be obtained from ti 
by conjugation with some z E P{S). For this purpose we write U = yi*Si with Si E S 
and yi E Br(5) and conjugate both £j by yi^. This reduces the situation to the special 
case when ti = Si is a usual generator of Br(iS). Adjusting the notation, we still have 
^2 = Z/2 * S2- Let w be the image of 7/2 in W(iS). Our claim would follow from the equality 
w * S2 = Si in the braid group. Let us prove it. Assume first that ^(^52) < i{w). Then 
by the Exchange Property w = w's2 with i{w') = i{w) — 1. In this case i{w's2) > i{w'), 
w * S2 = {w's2)*S2 = w' * S2, and still w' * S2 = si in W(iS). Thus we may assume 
that i{ws2) > i{w). Observe that the equality w*S2 = Siis equivalent to WS2 = Siw. 
As i{ws2) > i{w), the expressions ws2 and siw are reduced for any reduced expression 
w of w. Consequently, w ■ S2 = si ■ w in the braid group. This is the desired identity 
w*S2 = Si, which proves the claim. 

Summing up, it remains to consider a commutator izi^^ z^^ where z E P[S) and i E G. 
By definition, such elements project to in Pab{<S)G- This finishes the proof. □ 
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Definition 2.5. A Coxeter system {S,M) is irreducible if its Coxeter grapli is connected, 
and has finite type if tlie group \N{S) is finite. It is known tliat every irreducible Coxeter 
system {S,M) of finite type has the unique longest element Wo = Wo{S) G W(5). The 
canonical lift Wo G Br(5) is called the Garside element of Br(5) and is denoted by A{S). 

The classification theory of irreducible Coxeter groups of finite type (see [Bou] or [Hum]) 
says that such a group is either the Weyl group of a simple complex Lie group, or the 
dihedral group with the Coxeter system on S = {si, S2} given by relation ^3^,82 = 
m = 5,7,8,9,..., or else one of the groups H3, H4. It is known that the longest element 
Wo G W(5) has the property i{wo) = i{wow) +i{w) for any w G W(5). For the properties 
of the Garside element we refer the reader to [Br-Saj and [Del] . 

Lemma 2.10. The square of the Garside element lies in P{S) and is equal in 

Pab(5) to the sum J2ter{s)^i- 

Proof. The property i{wow) = i{wo) — i{w) applied to w = Wo implies that Wo is an 
idempotent. Thus A'^ = wl lies in P(5). 

Take any generator s G 5 and any reduced expression w of Wo- Then l{sWo) = i{wo) — 
i{s) < i{wo). By the Strong Exchange Property, removing an appropriate letter s' from w 
we obtain a word Wi which is an expression for sWo- Comparing the lengths we see that 
Wi is reduced. Writing Wi a.s S2 - ■ ■ ■ ■ si with / := i{wo), we see that SS2 ■ ■ ■ - -si is a reduced 
expression for Wo- Since Wo is an idempotent, s/ ■ . . . ■ S2S is also a reduced expression for 
Wa- Consequently, = SS2 ■ . . . ■ Sr Si ■ . . . ■ §28. Denoting Si := s, transform the latter 
expression into the product 

It shows that A"^ is equal in Pab('5) to a sum X]tgr(<s) ^^^^^ with non- negative integers 
such that ns> for any s E S. Since A'^ lies in the centre of Br(5), the sum J2ter{s)^t^t 
is invariant under the action of \N{S). Since \N{S) permutes the basis elements At of 
Pab(5) and any quasireflection t G T{S) is conjugated to some s G 5, we obtain the 
inequality ^ 1 for all t G T{S). 

On the other hand, it is shown in |Br-Saj and [Delj that A'^ = where 11 is the so- 
called Coxeter element in W(iS) and h is the Coxeter number of the system S, see e.g. |Bouj 
or |Humj for definitions. The formula for the Coxeter number can be reformulated as the 
equality of the length I = i{wo) and the number of quasireflection. This shows that 
J2teT{s)^t = /. Consequently, all Ut are equal to 1, and the lemma follows. □ 

2.2. Combinatorial structure of Map^. In this paragraph we solve certain factorisation 
problems in the mapping class group, which is the key ingredient in our proof of the Main 
Theorem. 

We use special finite presentations of Map^ and Map^ j]^] due to Wajnryb |Waj| and 
Matsumoto |Maj which realise these groups as quotients of braid groups corresponding to 
certain Coxeter systems Sg with additional relations given in terms of Garside elements 
of appropriate subsystems S' of Sg. Let us give a geometric description of these relations. 
For further details see e.g. |Bi-l] and |Ger j . 
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Figure 1. Curves in a chain configuration. 

Definition 2.6. [Chain and lantern relations.) Consider a surface C wliicfi is a torus 
witli 2 lioles. Denote its boundary circles by r]', rj". Consider tlie curves a,f3,f3' on tlie 
surface as sliown on FigureUl Note that if a, are embedded circles on a surface S 
such that (3 and (3' are disjoint and each meets a transversally at a single point, then 
a collar neighbourhood U of the graph aU (3U f3' is a torus with 2 holes and the whole 
configuration is diffeomorphic to the one on Figure [H We call such a surface C C S 
and the whole configuration (C,a,/5,/3') a chain in S defined by For any chain 

configuration, the chain relation element is defined by the formula 

(2.3) C{a,(3J') := {T^T^Tp>Y {T,>Tr,.y\ 

Consider a surface C which is a sphere with 4 holes. Denote its boundary circles by 
a 1, ... ,0^4. Realise it as a disc with 3 holes and consider the curves ^1,^2,^3 on it as shown 
on Figure^ Observe that if /5i,/32 are embedded circles on a surface S which meet at two 
points, then a collar neighbourhood U of the graph f3i U is a disc with 3 holes and the 
whole configuration is diffeomorphic to the one on Figure^ We call such a surface £ C S 
and the whole configuration (£,Q;j,/3j) a lantern in S defined by (3i,(32- For any lantern 
configuration, the lantern relation element is defined by the formula 

(2.4) L{Pi,h) ■■= {T^Ja,T^,T^,) {TpJp,Tf,;)'\ 

A chain or, respectively, lantern relation is the equality C{a,P,P') = 1 or, respectively, 
L{Pi,P2) = 1 for the corresponding relation elements. A configuration (or relation) is 
called non-separating if all the circles involved in it are non-separating. 

As suggested by the terminology, the relations above hold in the mapping class group 
^^Pg,k,[i] of the surface of genus g with k marked points and I boundary circles. (Our 
notation uses the fact that Map^^ can be defined as the mapping class group of the 
surface of genus g with k + l marked points such that / of them, say, zi,. . . ,zi, are framed, 
i.e., equipped with a trivialisation of the tangent plane T^^S.) We will only consider the 
case with at most one marked point, i.e., k + l ^ 1, and shorten our notation to Map^j 
or Mapg [^], dropping the vanishing index k or /. 
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Figure 2. Curves in a lantern configuration. 




Figure 3. Geometric generators of Map^ [^j. 



Definition 2.7. For g = 1, we set Si := A2 so that the graph of Si consists of two vertices 
si and S2 connected by an edge. For g ^ 2, the graph of Sg is defined as the extension of 
the Dynkin linear graph by a single vertex sq connected to S4. Thus, the graph of Sg 
looks like 

So 

Si S2 S3 S4 S5 Sq • ■ • S2g-l S2g 

Each element i e Br(5g) conjugated to a generator Si is called a quasigenerator. The 
set of quasigenerators is denoted by T{Sg). 

Theorem 2.11. The group Map^ is isomorphic to the quotient of Br(iSg) obtained by 
adding the following relations: 

• In the case (7 = 1: No additional relations. 

• In the case g = 2: A single non-separating chain relation C {a, (3,13') = 1. 

• In the case g ^3: A single non-separating chain relation C{a,(3,(3') = 1 and a single 
non-separating lantern relation L{(3' ,(3") = 1. 

The braid generators Si, i = 0;1, . . . ,2g , can be realised as Dehn twists along the curves 
Qi shown on Figure\^ In particular, = [32, ai = Pi, a2i = cxi for i = 1,. . . ,g, and each 
a2i-i is Tj-homologous to -|- for i = 2, . . . ,g . 
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The kernel of the homomorphism Map^ Mapi is the central free abelian group 
generated by (T^^T/jJ^ = (siS2)^. In the case g^2, the kernel of the homomorphism 
Mapg [;^] Mapg is normally generated by the product TpT^,^ where Tp^^Tpi^ are the 
Dehn twists along the curves (3g,(3g- □ 



This presentation was found by Wajnryb |Waj | , with an error corrected in Bi-Waj| . 



In |Ma] . Matsumoto has found simple exphcit words expressing the relations in terms of 
Garside elements of certain Coxeter subsystems of Sg. 

Theorem 2.12. i) The chain relation can be given by the element Cq := A^^lA^jA'^^A^) 
where and A^ are the Coxeter subsystems {52,53,54,^0} and {si, 52,53, 54,59}, re- 
spectively. 

a) The lantern relation can be given by the element Cq- A^'^(Eq)A{E-j) where Co is the 
chain relation element above and Eg, E7 are the Coxeter subsystems {59,52, ... ,50} 
and {59, 5i, 52, . . . , sq}, respectively. 

iii) The relation Tp^ = Tpi^ can be replaced by the commutator relation \Tpg,A'^{A2g)] = 1 
where A2g is the Coxeter subsystem {51,52, ... ,52g}. □ 

Remark. It is known that any two non-separating chain (or lantern) configurations are 
conjugate by some / G ^ff_^_{Ti,Zo). This implies the fact, used imphcitly in the above 
theorem, that the subgroup normally generated by a single non-separating chain relation 
C{a,P,P') is independent of a specific choice of the chain configuration, and the same 
holds for lantern configurations. For the proof of this and further details, we refer to 
[Hi?] . 

We call Z\^(A2g) the hyperelliptic element, the commutator [TfSg,A'^(A2g)] the (basic) 
hyperelliptic relation element, and [Tp^,A'^(A2g)] = 1 the hyperelliptic relation. The reason 
for this terminology is that the element Z\^(A2g) G Br{Sg) represents the hyperelliptic 
involution of E which can be realised on Figure as the rotation by 180° about the 
horizontal axis going along the chain of curves 01,02, .. . ,a2g- Besides, we call the relation 
A'^(Eq) = /^(Ey) the modified lantern relation and the product Z\~^(Eg)Z\(E7) the (basic) 
modified lantern relation element. The same names will be used for any conjugates of these 
elements. 

Observe that all Si are conjugate in Br(iSg), so that quasigenerators t G T{Sg) are 
preferred lifts of Dehn twists along non-separating curves 5. The Z2-homology class 
[S\ G Hi(S,Z2) is determined by the image of t in \N{Sg). Hence, we obtain a well- 
defined set-theoretic W(iSc,)-equivariant map T{Sg) — > Tig := Hi(Il,Z2)\{0}. (This map 
is bijective ii g = 1,2,3, but if 5^ ^ 4, then the set T{Sg) is infinite, and the map is only 
surjective.) Furthermore, the projection of a quasigenerator t to Sp{2g,Z2) has order 2. 
Therefore there exists a well-defined homomorphism \N{Sg) Sp{2g,'L2). 

Definition 2.8. The kernel Wig := Ker {\N{Sg) Sp{2g,Z2)) is called the Weyl-Torelli 
group of the surface S. 
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It follows that Tig is the quotient set T{Sg) /\NIg. Consequently, the group l^iHg) 
is naturally isomorphic to the coinvariant group Pab{<Sg)\/\/j^. This allows us to apply 
Theorem 12.91 with the group ^{TCg) instead of Z{T{Sg)). Moreover, we can reduce the 
extension 1 — P{Sg) Br(5g) — > W(iSg) 1 to an extension 1 — Z{Hg) ^ E ^ 
V\/{Sg) 1. However, the group W(5g) is bigger than Sp{2g,Z2) for all g ^ 3,, and their 
difference — the Weyl-Torelli group WX^ — is generated by lantern relation elements 
and is therefore invisible in Map^. Worse still, WXg is infinite for all (7^4, which makes 
effective calculation in \NTg difficult. In order to see which part of WX^ can be factored 
out, we need a description of the kernel Ker (Br(5g) — > Sp{2g,Z2)). 

Proposition 2.13. The kernel of the natural homomorphism Br{Sg) Sp{2g,'Z2) is 
generated by squared quasigenerators t^ and by modified lantern relation elements 
x*{A-\E,)A{E^)), xeBr{Sg). 

Proof. By Lemma \2.10\, every element of the kernel of the homomorphism Br{Sg) — > 
Mapg can be represented as a product of squared quasigenerators £^ and lantern relation 
elements. Consequently, it is sufficient to find the corresponding presentation in the 
mapping class group Map^. 

Denote by G the kernel Ker (Map^ Sp{2g,Z2)) and by Go the subgroup generated by 
products T^^T^^ with ej = ±1 and [6i] = [62] 7^ G Hi(E,Z2). We use = to denote equality 
modulo 2, i.e., the equality in Z2, or in Hi(S,Z2), or in Sp{2g,Z2). Let ai,. . . ,ag;l3i,. . . ,Pg 
be the geometric basis of S fixed above. 

Fix some f & G and write / as a product of Dehn twists along non-separating curves, 
/ = nr=i^li'- '^^^ braid relations T^T| = T|,r^ with e = ±1 and 5' = T^{S) allow us to 
use Hurwitz moves to re-organise the product by moving any single Dehn twist in both 
directions without changing it. Note that the generators T^^T^^ of Gq are stable under 
conjugation. 

Step 1. Assume that there exist factors T5. with (5jn/3i =0. Collect all such factors Ts^ on 
the right using the braid relation. Henceforth, we assume that 6^0 Pi = 1 for i = 1, . . . ,ni 
and (5j n /?! = for 2 = rii + 1, . . . , n. 

Step 2. Assume that 5j fl 5j = 1 for some distinct i,j ^ ni. Bring them together, so 
that j = and then apply the braid relation. It transforms T^.T^^^^ into T^Ts^ with 

7 = 6i + 6i^i. Consequently, •ynPi = 0, and we can shift T^ to the right. This allows us 
to diminish the number ni of 6i with 6^(1 f3i = 1. Repeating this procedure, we come to 
the case when 6i fl 5^ = for all i,j ^ Ui. 

Step 3. Assume that ni > 0, i.e., there exist factors Ts^ with ^jfl/^i = 1. Take the initial 
subproduct 11^=1 multiply it by T^^Tg^ on the left. Apply the braid relation twice 

to the initial subword Tp^T^^T^^: 

Tn^T^ Tc ^ T^^T.T^ T;^^TT., 

PI Pi oi Pi Pi Pi 7 0' 

where 5 := Tp{5i) and 7 := Ts{l3i). Then 5 = 5i + I3i and 5 fl (5j = 1 for alH = 2, . . . ,ni. 
Then shift to the right behind all T^^, z = 2, . . . ,ni: 

T^'T,T,]\Z2Ts.^Tp'T,]\Z2Ts'T,, 
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where 6^ := Ts{6i). Then 6^ = 6i + 6 and 5^ H /5j = 0. Finally, shift Tg^^ and the newly 
obtained T^^, i = 2, . . . ,ni, to the right. We obtain a new decomposition / = nr=f -^5" 
the original / in which 6'/ (1 Pi = for i = 3, . . . ,n + 2 and 6'{nPi = l. 

Step 4. If S'^npi = 0, then Yl7=iTs'/{(3i) = Pi + S'l ^ Pi which is in contradiction 
with the assumption that = id in Z2-homology. If S'(r\62 = 1, transform Ts'^Ts'^ into 
TsniTs'i with 82 n /?! = 0. This leads to the same contradiction. Thus 5'{ fl ^2 = 
5'i n /5i = r}Pi = l. But then pi = ll7=i Ts- (Pi) =Pi + 6'l + 6'^ and hence 6'! = 6'^. This 
means that Ts'^Tg'^ lies in Gq. Shift it to the right. In this way we have represented / in 
the form Yli Ts^ ■ fi with fi G Gq and 5j fl /5i = 0. 

Step 5. Repeat Steps QHll subsequently for P2,...,Pg instead of Pi. For each Pk, the 
previously reached relations SiCiPj = with i = l,...,n and j = 1, . . . ,k — 1 remain 
undestroyed. As a result, we represent / in the form Yli^Si- f2 with /2 G Gq and SifiPj = 
for all j = 1, . . . ,g. It follows that after this step each Z2-class [6i] is a linear combination 
of Z2-classes [Pi],. . . , [Pg], and hence 6i n6j = for each i,j = 1, . . . ,n. Consequently, the 
application of the braid relation does not change the Z2-homology class of the remaining 
Si, for if T^T^T^"^ = T^/ , then 6j = 6j. 

Step 6. Consider Ug. Let A^^ be the set of those Si for which agflSi = 1 and let V^^ be the 
Z2- vector space spanned by A^,^. Assume that dim^jV^g ^ 3. Find three circles in Aa^, 
say, Si,S2,S3, which are Z2-linearly independent. Then [^2] = [5i] + [72] and [S3] = [5i] + [73] 
for some classes [72], [73] G Hi(E,Z2) such that [f^i], [72], [73] are Z2-linearly independent. 
Note that •jiHag = {Si — Si)nag = 0. Realise the classes [72], [73] G Hi(S,Z2) by embedded 
curves 72,73 C S disjoint from Si and from each other. Pick a point zq ^12 disjoint from 
'^i!725 73 and choose embedded arcs 01,02,03 connecting zq with 51,72,73, respectively, 
and disjoint (except for the end points) from each other and from 51,72,73. Then a collar 
neighbourhood U of the graph formed by ^1,72,73 and 01,02,03 is a disc with three holes 
bounded by 5i,72,73, see Figure\^ Multiply the product nr=i^5i t)y the corresponding 
lantern relation 

Tn— 1 rp — l rp~l ^ ^ ^ ^ \A 

<5i+72 <5i+73 72 +73 "^i ')'2-'73-'<5i+72 +73 ~ 

see Figure^ The factors T^^^^^T^j and T^^^^^T^-j, cancel out. Shift the factor G Gq 
to the right. Now we obtain the product 11^=^1^ -^5' 'which contains less factors T^i_ with 
S[f\ag = 1. Repeating this procedure, we come to the case when dim^aKj-j^ ^ 2. 

Step 7. We maintain the notation A^,,^ and V^^ of Step In the case dim^jV^,^ = 
we have Sid ag = for every factor Ts- and proceed to the next step. Assume that 
dimzaK^g = 1- Then Si = Sj for every Si,Sj G A^^. Consequently, YY^^iTs^ag) = ag + Ua^Si 
where Si is any element of Aq,^ and is the cardinality of A^^. It follows that n^^ is 
even and we can collect the factors Ts. in pairs Ts2-_^-^Ts2i lying in Go- 
Step 8. Assume that dimzjKtg = 2. Take two elements from A^g, say Si and S2, which 
are linearly independent. Then every Si G Aq,^ is Z2-homologous to Si, or to S2, or to 
S1+S2. Find 71,72 G Hi(S,Z2) such that SiD-ji = 52n72 = 1, 5in72 = 52n7i = 7in72 = 0, 
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and 5in7j = for every 5i not lying in Aq^. (This can be done by choosing an appropriate 
Z2-Darboux basis in Hi(S,Z2).) Then 

nr=i^^.(7i)-7i=Er=i(7in5.)5. 

and hence 

72n (^nr=i^<5.(7i)-7i) =ni2 

where ni2 is the number of 5i G Aq,^ with 5i = 5i + 82- Consequently, ni2 is even and we 
can collect the factors T^- with 5i = 81 + 82 in pairs as at StepO Similarly one shows that 
the numbers rii and n2 of 5i G A^,^ with 5i = 5i or, respectively, 5i = 62 are also even. 
Thus all factors T^- with 6i G Aq^ can be collected in pairs Ts^._-^Ts^. lying in Gq. 

Step 9. After StepO, the remaining factors T^. fulfil the relation 5if\ag = 0. We repeat 
Steps0-0 for ag_i,aj,_2 and so on. Notice that the previously achieved Z2-orthogonality 
with /?!,... ttg, . . . remains unaffected. Therefore, we conclude that Go = G. 
Thus we have shown that the kernel Ker(Mapg Sp{2g,Z2)) is generated by products 
T^'JP^ with e, = ±1 and [6,] = [62] ^ G Hi(S,Z2). 

Step 10. Multiplying a generator Tf by Tl and Tj-^ if necessary, we take it to the 
form Tg_^Tf^^. Let 5i =: a, 82 =■ a', so that our generator is T^T~\ 
Write this product in the form T^T~'^T^T~^. Shift to the right conjugating 
and then shift with conjugation to the right. This transforms T^T~'^T^T~^ into 
T^T~,}T^'^T^, with a" = T^{a'). This allows us to change the homology class [a'] to 

[a"] = K'] + 2(a'n7)-[7]. 

We claim that there exists a sequence of such "moves" which transforms the integer ho- 
mology class [a'] into the class [a] . Clearly, it is sufficient to find an inverse transformation 
of [a] into [a']. Fix a curve (3 such that an/3=l. Then [a'] = {2k + l)[a] + 2l[l3] + 2m[y] 
for some non-separating curve 7 with '-fCia = 'jnjS = 0, where both I and m could be zero. 
Applying to a, we can change 21 into 2l±2(2k + 1). Iterating this we can transform 
/ into /' with |/'| ^ |2A; + 1|. On the other hand, we can replace /3 by a new curve f3' in 
the homology class [a]±[/5]. Then I remains unchanged and 2k + 1 changes to 2k + l±2l. 
Consequently, these operations allow us to cancel / out. 

A similar procedure is applied to eliminate m. Indeed, for a curve 7' in the homology 
class [7] + [/?] the map Ty^T^^ transforms m into m ±2(2k + 1). Thus we can replace 
m by m' with \m'\ ^ |2A; + 1|. However the equality m' = ±{2k + l) is impossible since 
[a'] is a primitive cohomology class. To change k, we fix an embedded curve 6 such that 
5 n 7 = 1 and 6 Ha = 6 n P = and choose an embedded curve 6' in the class [6] + [a] . 
Then T^'^ transforms the class (2A; + + 2m[7] into (2A; + 1 ±4m)[a] +2m([7] =f2[5]). 
So we could also make |2fc + l| smaller than 2m, possibly changing the class [7]. The 
procedure terminates at / = m = and 2k + l = ±1. Since a Dehn twist Ts is independent 
of the choice of the orientation on 6, we obtain the equality [a] = [a'] of integral homology 
classes. 
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Step 11. Let a, a' be the simple curves with [a] = [a'] G Hi(S,Z) obtained above. It 
follows that a' = Fi{a) for some Fi G Map^. As above, let /3 be a curve such that an/5 = 1 
Set (3' := Fi{f3). Then = 1 and hence [/?'] = [f3] + l[a] + m[-f] in Hi(S,Z) with some 

primitive [7] G Hi(E,Z) such that 'yria = 'ynp = 0. Then T^' preserves the curve a' 
(up to isotopy) and [T^' (/?')] = [P] +m[y]. Further, find a curve 7' in the homology class 
[a] + [7] = [a'] + [7] which is disjoint from a'. Then Tj^iTy'' preserves the curve a' (up to 
isotopy) and transforms the class [/?]+m[7] into [/?]. 

In this way we have constructed F2 G Map^ which takes a to a' and preserves the integral 
class [P]. Observe that the action of F2 on the fl-orthogonal complement to Z([a], [/?]) can 
be realised as a product of Dehn twists along curves disjoint from a' = F2{a) and from 
f3' := F2{f3). After an appropriate correction of F2 we obtain an F lying in the Torelli 
group Ig := Ker (Map^ Sp{2g,'Z)^ such that a' = F(a). 

Step 12. Now let us apply the explicit description of the Torelli group. It is known that 
X2 is generated by Dehn twists Ts along separating curves ( |Po] . see also |Jo2] ) . Every 
such curve cuts E into two pieces, say S' and E", each of them being a surface of genus 
1 with one hole. The Dehn twist along Tg is given by {TaTf^)^ for any geometric basis 
a and (3 of E', i.e., two curves on E' meeting transversally at a single point. But then 
Ta and are conjugated to the Coxeter subsystem A2 := {si,S2}, and hence (T^T^)^ is 
conjugated to Z\'^(A2) and is a product of squared quasigenerators t"^. 
By |Jolj (see also |Jo2j ). the Torelli group Ig, g ^ 3, is generated by products T^T~^ 
where rj and rj' are disjoint non-separating curves such that r]Ur]' cuts E into two pieces. 
Denote these pieces by E' and E". Each of them is a surface with two boundary circles, 
and their genera g' and g" are related hy g' + g" = g — 1. \i g' = Q 01 g" = the curves 77, r^' 
are isotopic and the product T^T^'^ is trivial. It follows that such products T^T^^ with 
additional condition g' = 1 also generate the Torelli group Ig. However, in the case g' = 1 
the piece E' is a chain surface, see FigureUl Using the definition of the chain relation and 
the curves on FigureUl we obtain 

Now observe that the chain configuration {/?,«,/?'} is conjugated to the configuration 
{01,02,03} =: A3 on Figure \^ Consequently, {TpT^TpiY is conjugated to the squared 
Garside element Z\^(A3) and can be represented as a product of squared quasigenerators 

i\ □ 

Corollary 2.14. i) The kernel Ker (Map^ ^ Sp{2g,7j2)) is generated hy the squares T| 
of Dehn twists along non- separating curves 6 C E\{zo}- 

a) The Weyl-Torelli group V\/Ig = Ker (W(5g) Sp{2g,Z2)) is generated by elements 
conjugated to WoCEj). 

Recall that Proposition \1.7\ reduces the topological statement about the (non-)existence 
of special embeddings of the Klein bottle into topological Lefschetz fibrations to certain 
algebraic relations in the mapping class group Map^. It turns out that these relations 
hold in Sp{2g ,2,2) . Lifting the corresponding elements to the braid group Br(5g), we can 
project them to Z(?-^g). So we need tools to distinguish the combinatorial structure of Tig 
and Z{Hg). 
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Let us describe the first such tooL Let R be any commutative ring and H a free R- 
module of finite rank. Denote by T*H the tensor algebra of H over R. For each degree 
d, let Tgy^if C y^iy be the submodule consisting of tensors invariant with respect to the 
natural action of the symmetric group Sym^ permuting the tensor factors H ® ■ ■ ■ ® H . 
Define the shuffle product in J'H as follows. For A E J^H and B E VH set A»B : = 
Sl-eSymj._|_, cr{A0B) where the sum is taken over all permutations a E Sym^_|_j of tensor 
factors which preserve the order of the first k and of the last / factors. In other words, 
a E Syrri;!..,,; must satisfy the condition a{i) < cr(j) if i < j ^ k and if k < i < j. In 
particular, vw = v + w <^v and u» {v <^w) = u^v®w + v^u^w + v<^w®u for 
u,v,w E H. One verifies immediately the following properties of the introduced structures: 

- v^'^ E Ji^^H for any V EH; A. BE T^+^i7 if A G J'sy^H and B E Ji^^H; 

- the • -product satisfies the associativity, commutativity, and distributivity laws; 

- for v,w E H one has the binomial formula: 

(2.5) {v + = v^" + • w + .w^^ + --- + w®"; 

_ v»k^v^i = (^''+i)v(^ik+i) ioiv EH. 

The last property shows that in the case when H = i?®*" is the free module of rank r, the 
algebra [T^^^H, •) is isomorphic to the r-th tensor power A* ® • ■ ■ ® A* of the so-called 
algebra of divided powers A'. 

In our case, we set R := Z2 and H := Hi(S,Z2). Let us define homomorphisms 
p'^ : Z2(7ig) T^H by setting p'^^A^) := v^^ for each v E Hg and use the same notation 
p'^ : P{Sg) — > J'^H for the composition. Clearly, each p'^ takes values in Tf^^H = Sym'^(if). 
The meaning of p^ is obvious: it maps each Ay to the vector v E Hi(E,Z2). To describe 
p^, we observe that the space Sym^(if) is naturally isomorphic to the Z2-Lie algebra 
5p(2(7,Z2). Explicitly, the isomorphism is given by M G Sym'^(i^) ^ J ■ M E sp(2^,Z2), 
where J is the "symplectic" matrix J := '0 ) with square g blocks, and sp(2(7,Z2) 
is realised as a matrix Lie subalgebra of Mat(2(yf,Z2) with respect to a symplectic basis 
... of H. Further, sp{2g,Z2) admits a natural group extension 

1 ^sp(2(7,Z2) ^ 5p(2(7,Z4) ^ 5p(2(7,Z2) ^ 1, 

and an explicit calculation with any T| shows that the homomorphism J ■ p^ : P{Sg) — > 
5p(2(7,Z2) "-^ Sp{2g,Zi) coincides with the composition P{Sg) ^ ^^{Sg) Map^ 
Sp{2g,Ij) Sp{2g,Ij4). Observe also that the matrix J can be given by X]f=i'^i*A 
for any symplectic basis ai, . . . . . . of H. Besides, recall the definition of the 

hyperelliptic relation element [T/3g,Z\^(A2g)] given in Theorem \2.12\ . 

Lemma 2.15. i) p^{A\A5)) = p^{A\E7)) = 0. 

Proof, i) Note that T{Ar,) = H2 and T(E7) = Hi. So in both cases is the 

sum J2v=iOGV where the subspace V C Hi(S,Z2) is of dimension 4 and 6, respectively. 
Consequently, p^(Z\^(. . .)) is the sum ^^gy f Fixing a basis ei, . . . ,er of V (r = 4 or 6 
according to the case) and expanding the sum Ylvev using the binomial formula (12.51) 
we obtain the sum of monomials e" := ef • ■ ■ ■ • with ni H l-rir = 3. Since at 
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least one rti vanishes, each monomial e" appears an even number of times, and the sum 
vanishes. 

a) For simplicity, we use the same notation ai,aj,Pk ^ 'Hg for the Z2-homology classes of 
the corresponding curves. Set Vij := '^i^^ak and Vi := Vi^2g- It follows that the projection 
of the squared Garside element A'^{A2g) to Z2{'Hg) is the sum X]i<j<j<2g^fii- Since Pg is 
disjoint from each aj with j < 2g, the hyperelliptic relation element [Tj3^,A'^{A2g)] projects 
to the sum Ylf^^ (y4„^ + A^^+^J . Hence 

p%[T,^ , (A,,)]) = ZZi {vf + (v^ + PX') ■ 
Expanding and using the identity 2 = G Z2 we obtain 

p3 ([T,^ , A\A2g)]) = E-il • /?f + Vf . f3g) . 

Plugging Vi = ai + Oj+i H h a2g into the sum Yliti '^i ^^^^ every aj appears j 

times. Thus 

Similarly, plugging vf^ = Yl'jLi^^f^ + J2i^j<ki^2g"'j * into the sum YlfU'^f'^ obtain 

EZi = E%iJ ■ «f + Ei<ij<k^2gJ ■ «i • 

The first sum gives 

af + ar + --- + a%\ = (3f + {(3,+ (3,f' + . . . + {(3^_, + (3^^ 

= A •/32 +/52 -/^S + ■ ■ ■ + + • 

The second sum can be rewritten as ^i<j^k<2g3 ' * = Yl^j=iYlk=2j^'^j-'i-* ^k- The 
interior summation yields Yllf=2j'^k = {o^j + • • • + o^g) + [Pj + jSg). So, setting j3o := 0, we 
can expand the second sum as 

T.l^j<k^2gJ ■ «i • «fc = E?=l(/5j-l + Pj) • + • • • + ttg) + iPj + Pg)) ■ 

Let us analyse the terms in the last sum. Firstly, Yl^j=iiPj-i~^Pj)*Pg — Pa*Pg — 2/3^^ = 0. 

Similarly, /3j = and I^J=i(/9i-i •Pj = /3i •/32 + /52 •/^s H \-l3g-i»l3g. The terms 

containing a given are 

So finally we can compute 

( [Tp^ ,A\A2g)])=f3g. /3f + (/3f + EJ=i •a,).(3g = f3g. • ' 

as desired. □ 

Corollary 2.16. For g ^ 2 the homomorphism extends to the group Ker(Map^ i — > 
Sp{2g ,Ij2)) so that the composition p^od.,^ : vri(S) — can he realised as the composition 
of the projection vri(S) — > Hi(S,Z2) with the embedding Hi(E,Z2) ^ given by j 

Proof. Apply Corollary\ZM i)- □ 
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Proposition 2.17. i) The ahelianisation WX^^ab of the Weyl-Torelli group WX^ is a 
Ij2-vector space naturally isomorphic to A^Hi(Il,Z2). 
u) There exists a natural lattice extension 

0^Z(7^,)^A3^WX,,3b^0 

such that Kg can he realised as a sublattice in jZ{Hg) and the image of the induced 
embedding WX^ ab C ^Z{TCg) /'Z{TCg) = Z2{TCg) is generated by the sums Ly := ^^-^qgv^^ 
in which V is a symplectic 6-dimensional suhspace of Hi(S,Z2). 
m) There exists a group extension 

(2.6) ^ A, ^ Sp{2g, Z2) ^ Sp{2g, Z2) 1 

and a homomorphism of the extension 1 ^{Sg) Br{Sg) — > \N{Sg) — > 1 onto this 
extension such that the homomorphism \N{Sg) Sp{2g,T,2) has the usual meaning and 
P(iSg) — > Kg is the composition P{Sg) Pab('5g) '^{'Hg) C A^. 

A subspace V C. Hi(S,Z2) is called symplectic if the restriction of the intersection form 
to V is non-degenerate. 

Proof. Let Lq := C-Z\-2(Ee)Z\(E7) and L[) := A-^(E6)A{E7) be the "basic" non-modified 
and modified lantern relation elements. Then their projections to \N{Sg) are equal and 
give the longest element Wo^Er) of the Coxeter subgroup W(E7) C \N{Sg). Since WoiE^) 
has order 2 and its conjugates generate WX^, the abelianisation \NIg^3h is a Z2-vector 
space. 

Now consider the natural extension 

^ ZiUg) -^Q^ Wig 1 

so that Q is the quotient of the kernel Ker(Br(5c,) — Sp{2g,Z2)) by the kernel 
Ker(P(iSg) Z{7ig)). Every element in Q is the product of conjugates x * Lq with 
X G Br{Sg) and elements of Z{T-Cg). Since ZiJ-ig) lies in the centre of Q and the chain 
relation C = Lq{Lq)~^ lies in Z{Hg), the commutators [x * LQ,y * Lq] and [x * LQ,y * Lq] 
(and so on) are equal and generate the commutator group Q' := [Q,Q]- 

We claim that the intersection Q'f]Z{Hg) is trivial. Suppose that z G Q' f]Z{TCg) . The 
condition z & Q' means that z is represented by an element z = Yljl^j * Lo,yj *Lq] from 
Br(iSg). Since Xj*LQ and yj * Lq project to id G Sp{2g,Z2), we can apply to them the 
algorithm from Proposition \2.13[ However, we use only the steps that do not involve the 
lantern relation, i. e. omit Steps[SH3 As a result, each Xj*LQ and yj*LQ is represented as a 
product of elements from Z(7ig) and Dehn twists Ts^ such that the Z2-homology classes [6i] 
are linear combinations of [Pi],. . . , [f3g]. Since Z^Tig) lies in the centre, it follows that the 
commutators [xj * LQ,yj * Lq] are products of Dehn twists Ts^ with [6i] G Z2([/3i], . . . , [Pg])- 

Now consider z as an element of P{Sg). Write the projection of z to Z(7^) in the form 
z = J2veHg''^^^^ with G Z. Let G be the subgroup of W(iSg) obtained from WX^ 
by adding quasireflections t G T{Sg) whose projections to Sp{2g,Z2) are Dehn twists 
T5. with [Si] G Z2{[Pi], . ■ . ,[Pg]) ■ Since G contains WX^, there exists a G-equivariant 
projection Qg = T{Sg)/\N2g T{Sg)/G such that coset classes in T{Sg)/G can be 
described as G-orbits in Qg. Clearly, each [S] G Z2([/3i], . . . , is fixed by G. The 
remaining orbits are as follows. Set V := Z2([/5i], . . . , and U := Z2([ai], . . . , [ag]). 
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Then for every u G Tig with non-trivial projection to U parallel to V the G-orbit G ■ u 
consists of all vectors u + v with v varying over V. In particular, ^^^v'^^+v = by 
Theorem 12.91 . Set Vi := Z2([/52], . . . , Then for the special case u = [ai] we obtain 

J2veVi + ^[ai+/3i]+t)) = 0- The possibility to choose an arbitrary Z2-symplectic 

basis provides two further relations: 

E^,GVi {n[M+v + n[a,+f3i]+v) = and T^veVr + ^[/3i]+^.) = 0. 

Comparing them, we obtain the relation 

first for w = [ai],[Pi],[ai + Pi], and then for all w G TCg which are Z2-orthogonal to 
(32, - ■ ■ ,Pg- Now set Vfe := Z2{[Pk+i],- ■ ■ , [Pg]) and write the latter equality for w = [j3i] in 
the form 

The same argument as above provides the relation Y2v€V2 '^"'+« ~ 0' again first for w = [(3i] 
and then for all w G Tig that are Z2-orthogonal to V2. Repeating this argument, we obtain 
the relation 12^ = for all w G Tig. This means the desired triviality of z in Tj^Tig). 

The property Q' {^'L{l-ig) = 1 implies that the abelianisation A := Qab = Q/Q' includes 
into the extension (12.61) . Since the chain relation element C and /^^(Eg) lie in Z{T-lg), in 
the description of the extension (12. 6p we can replace Lq by A{Ej). The square /^^(Ey) 
is the sum J2teT{E7)'^t- The quasireflection set T{Ei) coincides with the set H3 of non- 
zero vectors in Z2([q;i], . . . , [Pa])- Conjugating by Sp{2g,Z2) we obtain the description of 
generators of VJlg^a^ = ^g/'^i'Hg) claimed in the lemma. 

To obtain the isomorphism \NIg^ab — A^Hi(S,Z2), we compute (^A'^ (E^)) . An exphcit 
calculation using the binomial formula (12. 5p shows that p^(Z\^(E7)) = ai • a2 • ^3 • /5i • 
P2*Pz- Further, note that over the coefficient ring Z2 we have the identity w = It 
follows that the algebra generated by Hi(S, Z2) and by the shuffie product is simply the Z2- 
Grassmann algebra over Hi(S,Z2). Consequently, the shuffie product ai«a2»a3«/3i«/32»/33 
can be identified with the wedge product ai A 02 A 03 A /?i A /?2 A /?3 G A^Hi(S,Z2). Vice 
versa, any symplectic vector subspace V C Hi(S,Z2) of dimension 6 is of the form V = 
a; • Z2([ai], . . . , [/33]) for some x G Sp{2g,Ij2). For such V, the conjugate x*A^{Ej) equals 
the sum X^t^^oev^'' ~- ^ ^2('^g), and p^{^Ly) is the wedge product of the vectors in 
any basis of V . So the isomorphism WX^^ab — A^Hi(S,Z2) follows from the fact that the 
elements S'p(2(7,Z2)-conjugate to Q;iAa2 Acts A/5i A/52 A/53 span the space A^Hi(E,Z2). □ 

Now we introduce the second tool used to explore the structure of the group Z(7ig). 
To any (/'^ = (/iH-) : Hi(S,Z2) Z2 we associate a homomorphism ip^ : 'L{'Hg) Z 
by setting (^^(A^,) := 1 G Z if v^^(f) = 1 G Z2 and (^^(A^,) := if v^/^(f) = for any 
element v E Hg C Hi(S,Z2). Thus (p^ counts the algebraic number of generators 
with fniv) = 1. Extend this homomorphism to a homomorphism : P{Sg) Z in the 
obvious way. 
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Lemma 2.18. Let : '^{Ti.g) -^Z be the homomorphism induced by ip^ : Hi(S,Z2) Z2. 

i) For any chain relation element C the value (p^{C) is or —4. 

a) For any squared modified lantern relation element the value 0^{L'^) is or —8. 

m) For any element x representing a Dehn twist Ts along a separating curve 6 one has 
0f_i{x) = mod4. 

Corollary 2.19. The homomorphism ip^ : 1^{Ti^g) Z extends naturally to a homomor- 
phism between Z and the stabiliser group Br(iSg)^ of the element fi. The latter induces a 
homomorphism : Map^ ^ ^ — Z4. 

Proof. First we show the claims of the corollary. It follow immediately from part iH) of 
the lemma that there exists a natural extension (p^: Kg ^ Z, such that 'fniL) = or —4 
for any modified lantern relation element L. To extend 0^ onto Br{Sg)fj_, we observe that 
the group Sp{2g,Z2)^ is generated by (the images of) Dehn twists Ts with 6nfi = mod 2. 
Consequently, Br{Sg)^ is generated by such Dehn twists, P{Sg), and lantern relation 
elements. We set (p^{Ts) = for such Dehn twists. To see that this definition makes 
sense, consider an element x which is a product of Ts- with 5^ fl/i = mod 2, and which 
lies in the subgroup generated by P{Sg) and lantern relation elements. Then x can be 
projected to A^, and hence its square lies in P{Sg). Now using Theorem 12.91 . we 
obtain (^^(x^) = 0. This implies that 0fj,{x) = and shows that the homomorphism 
0fj, : Br{Sg)^ ^ Z is indeed well-defined. The existence of the induced homomorphism 
if^ : Mapg ^^ — > Z4 is trivial (modulo the lemma, of course). 

Now we prove the assertions of the lemma. 
i) Obviously, we have the following conjugation property: * A) = 0^{A) for any 

X G Sp{2g,Z2) and any A G Z(7ig). Hence we may assume that C is the basic chain 
relation element Co := Z\~^(A4)z^\^(A5). Further, restricting 9?^ to Z2{ai, 02,^1,^2) we 
can also suppose that g = 2 and that this restriction is a non-trivial homomorphism. 

We make use of the standard facts on root systems, see |Bouj . In particular, we have 
the natural identifications S2 = A5 of the Coxeter systems and 5^(4, Z2) = W(A5) of the 
groups. Besides, the set 7^2 is naturally identified with the set ^^(As) of positive roots of 
the system A5. 

We claim that there are exactly two orbits of the action of W(A4) on ^^(As). The first 
one is clearly the root system $"'"(A4). The explicit description of the root systems gives 

the five remaining elements: + f2,fi + f2 + fa, . . . ,fi H |-f4 + fo}- (Here we are 

using the notation from Definition 12. 71 and denote by Vi the simple root corresponding to 
Si, i = 1,. . . ,4,0.) We see explicitly that vi +V2 is obtained from vi with the help of the 
refiection S2 = Ta^ , V1+V2 + V3 from V1+V2 with the help of S3 = T^g and so on. This gives 
us the desired description of the orbits. 

It follows that it is sufficient to calculate <^^(Z\^'^(A4)Z\^(A5)) for the cases in which 
H = Pi = ai and = P2 = clq- By definition, (^^(Z\^(A5)) is the number of vectors 
V G Hi(S,Z2) satisfying f^{v) = 1. So there are 2^ = 8 such vectors, and (^^(Z\^(A5)) = 8. 

To simplify notation, we replace the system {s2, S3, 54,59} by {31,52,53,54}. This does 
not change anything in the case g = 2 because of the existence of an appropriate isomor- 
phism. Then A^A^) = Ei^j^k^^^v,, with vjk := Etj^H ^ Hi(S,Z2). Then 0^, [A^A^)) 
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is the number of vectors vjk "containing" the summand ai = 02- For such vectors we must 
have 1 ^ j ^ 2 ^ A; ^ 4, so that ^^^{A'^iA^)) = 2 x 3 = 6 and ^^^{A^A^)) = 12. A 
similar consideration for /i = /?2 leads to the vectors vj^ with 1 ^ j ^ k = 4, and hence 
ipi3^ {A^iA^)) =4x2 = 8. So 0^{C) equals either 8 - 8 = or 8 - 12 = -4. 

a) Now we consider the squared modified lantern relations L^. We claim that after replac- 
ing A4 by Eg and A5 by E7, the argumentat remains essentially the same. In particular, we 
have the natural identifications 1S3 = E7 of the Coxeter systems and ^^(Ej) = Ti^ of pos- 
itive roots, and the natural isomorphism W(E7) = 5^(6, Z2) x Z2(wo(E7)) of the groups. 
After conjugation we come to the case of the basic lantern relation Z\~'*(E6)Z\^(E7). Sim- 
ilar to the previous situation, we may assume that g = 3 and that the restricted <y9^ 
is non-trivial. As above, (^^(Z\^(E7)) is the number of vectors v E Hi(S,Z2) satisfying 
= 1- This time this number is 2^ = 32 = (^^(Z\^(E7)) . 

Now let us describe the W(EQ)-orbits in T(E7). Since the quasireflections are in bijection 
with positive roots of the corresponding Lie algebra, we have 63 quasireflections in T(E7) 
and 36 in T{Eq). Next, the embedding Eg C E7 of the Coxeter systems induces an 
embedding of the set of quasireflections. Thus T(Eq) is a W(E6)-orbit in T(Eq), and 
there are 63 — 36 = 27 remaining quasireflections. 

One of these remaining quasireflections is the element si. (Here we are using the 
notation from Definition \2.7\ ) To determine its W(Ee)-orbit let us consider the complex 
Lie algebra g of type E7. Fix a Cartan subalgebra f) in g and a compatible system of 
simple roots, the latter being in natural bijection with the system E7 = {sq; si, . . . ,S6}. 
For each t G T{E'r) denote by at G f)* the corresponding positive root, and by gf the 
root subspace corresponding to ±at. Further, let g' C g be the Lie subalgebra of type Eg 
defined by the embedding Eg C E7 and t)' C t) the compatible embedding of the Cartan 
subalgebra. Denote by i? : f)* x f)* ^ C the canonical bilinear form of [)*, normalised by 
the condition B{as^,as^) = +2. 

Denote by (respectively, by V^) the sum of root spaces g^^ (respectively, g^) over 
quasireflections t G T(E7)\T(E6). Since for every root at with t G T(E7)\T(E6) the 
coefficient of a<j^ is positive, V'^ is invariant with respect to the adjoint action of g'. This 
means that the entire orbit W(E6) -a^^ lies in $+(E7) (this is different from the action of 
the full Weyl group W(E7) which inverts every root). 

From the Dynkin diagram we see that B{asi,as2) = —1 and ag^ is orthogonal to the 
remaining simple roots a^g; a^g, . . . ,asg in Eg. This means that for every f G P)' we have 
as^{v) = — a;s2(f), where Ug^ is the fundamental weight of the system Eg dual to ag^. 
Consequently, contains an irreducible g'-submodule with the minimal weight —uJs2- 
It is known that the dimension of this submodule is 27. Thus dimy+ ^ 27. By the 
same argument, dim ^ 27. Comparing dimensions, we conclude that the g'-irreducible 
decomposition of g is g = q' ®V~^ (BV~ (BC{a^_^), where is the coroot dual to a<j-^. 
Now observe that by |Bouj . Ch.VI, §1, Exercise 23, the weight —uJs2 is minuscule^ This 
property is equivalent to the assertion that the g'-weights of form a single W(E6)-orbit. 

Let us turn back to the calculation of the possible values of <^^(Z\^(E6)). For this 
purpose we use the following explicit construction of the root system of type Eg. Let 
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f)^* (the real form of the dual Cartan subalgebra f)'*) be the space spanned by vectors 

£1, . . . ,eQ;e satisfying the linear relation £i H h^e = 0. Define the bilinear form on 

by setting B(ei,ei) = |, B{ei,ej) = — |, B{e,e) = |, and B{ei,e) = 0. Then the set 

$ := { ±2e, Ei + Ej + Ek±E {i> j > k); Ei- Ej {i ^ j) } 

is a root system of type Eg, and the set 

TT := { as, := Ei-Ei-i (i = 2,...,6); := Ei + E2 + E3 + E } 

is the system of simple roots with respect to the appropriate Weyl chamber. The corre- 
sponding positive roots are 

$+:={2e, Ei + Ej + Ek + E {i> j > k), Ei-Ej {i> j)}. 

Denote by A the integer lattice generated by tt. Since the curves ao;a2, . . . ,aQ form a 
basis of the integer homology group of S, we can identify A with Hi(S,Z). As we have 
shown, every homomorphism y?^ : Hi(S,Z2) 1^2 is obtained by Z2-reduction from either 
a homomorphism A G A B{at,X) G Z with some at G or a homomorphism A G A 
-8(7, A) G Z with some weight 7 of the g'-module V~^. Moreover, all homomorphisms v?^ 
of the same type yield the same value of (p ^{A'^ (Eq)) . 

As a representative of the first W(E6)-orbit we take the root 2e. Then (^^(/^^(Eg)) is 
the number of roots Ei + Ej + Ek + E with i > j > k. Thus (^^(/^^(Eg)) = (3) = 20 in this 
case. This gives <^f,{L'^) = 32 - 2 x 20 = -8. 

As a representative of the second W(E6)-orbit we take the weight Ei + E2- To count 
the roots in question we use the following observations: First, since e is orthogonal to Ei 

and E2, we can replace Ei + Ej + Ek + E by Ei + Ej + Ek- Second, since Ei-\ \-eq = and 

we are interested only in the parity of B{ei +E2,at), we can replace each Ei + Ej + Ek by 

Ei-\ \- Eq — Ei + Ej + Ek- This yields twice each Ei + Ej + Ek with i > j > k ^ 2. The 

explicit combinatorics is: 

• £2 — £i is orthogonal to E1 + E2] 

• B{ei + E2,Ei — El) = —1 for z ^ 3, and there are 4 such roots; 

• B{ei + E2,Ei — E2) = —1 for 2^3, and there are 4 such roots; 

• B{ei + E2,Ei + Ej + Ek) = —1 for i > j > k ^ 3, and there are 2x4 = 8 such roots; 

• B{Ei+E2,E2 + Ei + Ej) = for Z > j ^ 3. 

Thus <^^{A^{Ee)) = 16 and (^^,(1^) = 32 - 2 x 16 = 0. 

Hi) Every separating curve 7 C S\{zo} divides S into two pieces S' and S" one of which, 
say S", contains Zq. Let p ^ 1 he the genus of the other piece S'. Then the whole 
configuration is conjugated to the one in which E' contains the curves ai, . . . ,a2p and S" 
the curves a2p+2, ■ ■ ■ ,ci2g (see the curve 73 on Figure\3l. In particular, in the case p = g 
the curve 7 surrounds the base point Zq and corresponds to the boundary curve d on 
Figure \^ By the chain relation (this time separating), T^^T^^_^ = (Tp^^TapTp'^)^ , where 
the curve Pp is like the one shown on Figure \^ and where we set T^p = 1 G Map^ j^ in 
the special case p = 1. Thus Ty is conjugated to the alternating product of the elements 
(Tj3pTapTj3/)^. The incidence relations in the configuration Pp,ap,Pp correspond to the 
Coxeter system A3, whereas the product {Tp^Ta^Tpi^)^ is the squared Garside element 
A'^{k-i). Thus {TpTaTp'^)'^ lies in P{Sg) and equals in Z(7Yg) to the sum X]i<j^j^3^i^»j in 
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which vii = [pp] e Hi(S,Z2), V22 = [«p], ^^33 = [P'p] = [Pp], and Vij = Y.k=i^kk- An exphcit 
calculation shows that Z]i<j^j<;3^f»j = '^AM+'^^[ap] + '^A[ap+i3p]- It follows that takes 
value or 4 on every such product [Tp^Ta^Tpi^Y. This implies assertion m). 

jy) The subgroup c?^(7ri(E,2;o)) C Map^ is normally generated by the basic hyperelliptic 
relation element [T/3g,Zl^(A2£,)] . Its geometric realisation is dT,{(3'g) where the element 
Pg G 7ri(S,zo) is represented by an embedded curve, still denoted by which is isotopic 
to (3g and passes through the base point zq. On F/gureH this curve corresponds to the arc 
(3g, and the correct picture on the closed surface is obtained by contracting the boundary 
circle d to the base point zq. In particular, after this contraction the curves (3g and (3'g will 
cut a regular neighbourhood of the curve (3g. Note that the element Z\^(A2c,) is represented 
by a certain hyperelliptic involution of S which maps (3g to [3'g. 

In view of this algebraic description, it is sufficient to find the possible values of 
<^^([T/3^,Z\^(A23)]). First, we observe that in the group we have the equality 

^^(^29) = T.i<;^i^j^2gKj where Vij := Yj'k=iW] e Hi(E,Z2). Then Tp^{vij) = Vij for 

1 ^ j < 2g, so that in the group 1>{'Hg) we obtain 

[T,,,^\P^2g)\ = E-£l + -^....)- 

It is easy to see that if i^^jiPg] = 0, then 0^ {A,,23+m - ^^'>,2<,) = for alH = 1, . . . , 2g. So 
it remains to consider the case f^[Pg] = 1- 

Here we observe that [ai], . . . , [029] form a basis of Hi(S,Z2) in which [Pg] = [ai] + 
[0,3] + ■ ■ ■ + [a2g-i]- Thus the homomorphism yj^ : Hi(S,Z2) Z2 is completely deter- 
mined by its values <^/i[ai], • • • ,ffi[ci'2g]- In other words, we can obtain all homomorphisms 
(p^ by varying these values. Clearly, the group of such transformations of y?^ preserving 
the value (Pfi[Pg] = 1 G Z2 is generated by the following two types of simple transfor- 
mations: either we "switch" a single value (f^[a2k] on an even curve a2k, or the values 
^^l[0'2k-l] and (p^[a2k+i] on two consecutive odd curves 02^-1 and 02^+1. Since ^p^[Pg] = 1, 
every value (^^(A^,. ^g+t/jg] —A^.^^^ is either +1 or —1. The crucial observation is that 
for any simple transformation we get an even number of sign changes for the values 
^fj.{Ay.^g+[^g] — Aj;.^^^. Namely, 2k signs change when we "switch" the value (Pfj,[a2k], and 

2 signs change when we "switch" the values (Pp,[a2k-i] and ipfj,[a2k+i]- It follows that the 
value ipp_(^\Tf3^,A'^{A2g)] mod 4 remains unchanged, so that it depends only on v^^([/?g]). 
An exphcit calculation in the case when vanishes on all [cti], . . . , [a^]; . . . , 
shows that (p^(^\Tj3g,A'^{A2g)]) =2g — 2, as claimed. □ 

2.3. Factorisation problems in mapping class groups. In this paragraph we consider 
several factorisation problems in the group Map^ and in its subgroup Map^ stabilising 
a given non-zero homology class fi G Hi(E,Z2). The topological meaning of these problems 
is the existence or non-triviality of certain special homology classes in Lefschetz fibrations. 
Recall that Mapg denotes the group in the extension 

1 Hi(S,Z2) M^pg Map, ^ 1, 
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SO that Mapg is the quotient of Map^ ^ by the image with respect to d-,, of the kernel 
of the homomorphism ■Ki{T^,Zq) — > Hi(S,Z2). For our purposes, only the projections of 
F G Map^ 1 to Mapg will be relevant. Let Map^^^ be the stabiliser of jj, in Map^. 

Proposition 2.20. There exists a homomorphism (p^ : Map^,^ Z4 with the following 
properties: 

i) (f^ vanishes on the subgroup Map^^^ C Mapc,,^ generated by Dehn twists T5 with 

5n/i = mod 2 and commutators [F,F'] with F,F' G Map^^^. 
n) The restriction of (p^ to the kernel Ker(Mapc,,^ Sp{2g,Z2)) is the mod4 reduction 

of the homomorphism ip^. 
iii) In particular, (^^(9^(7)) = (2(7 — 2)1^9^(7) mod4 for any 7 G 7ri(S). 

Proof. Combine Theorem \2.g\ for the group G := W(iS)^ with Lemma \2.18\ and Corollary 

izm □ 

Theorem 2.21. Let g = 2g' ^2 be even and let id = nj-^2j-i,-p2i]onjr<5j a factorisa- 
tion in iVIapg in which Tg. are Dehn twists along embedded circles 61,..., 6n C S\{2;o} 
and [F2i^i,F2i] denotes the commutator of -^21-1, -^2* ^ Map^. Then there exist lifts 
F2i-i,F2i G Mapg^ and curves 6^ on J]\{zq} such that each 6j is isotopic to 6i on S 
and nj-^2i-i;-^2i] ■ rij^^' ~ ^ Mapg ^ for some 7 G tti{Tj,Zq) with trivial 'Z2-homology 
c/ass [7] = G Hi (S,Z2)' 

Proof. Fix some lifts Fi G Map^ 1 of Fj G iVIap^ and lift Ts- to l^^ap^ i in the natural 
way. For any v G Hi(S,Z2) we denote by i}^ the corresponding element in Mapg. Then 
Yl^[F2i-l,F2^] ■ Uj^s, = ^ M^Pg for some wq G Hi(E,Z2). 

Denote by W the set of all w G Hi(E,Z2) for which can be represented as the 
product ]^jF2i_i,F2i] -rij^^j f'^^ some possible lifts Fi and T^'.. Then W = wq-\-V for an 
appropriate Z2-subspace V C Hi(S,Z2), and the assertion of the theorem is equivalent to 
the claim that Wq G V. Assuming the contrary, V must be a proper subspace of Hi(S,Z2). 

Let /i G Hi(E,Z2) be an element such that the functional ip^ : v & Hi(S,Z2) ^— /iflf G Z2 
vanishes on V but is non-zero on wq. We claim that fi G Hi(S,Z2) is invariant under the 
action of all factors Fi,Tsy It follows from Lemma [ITPI that V consists of (the Poincare 
duals of) coboundaries d^'^\X^) with having the form fll.161) . The equivalent dual 
condition is that, considering the factorisation Hi [-^2j- 1,-^21] 'rij^^j a single relation 
word R, the boundary d2{R®2lj) cancels all such A^. The calculation done in the proof 
of Proposition \1.7\ shows that 

d2{R ®2 /i) = Ts, ®1 Wjfl + Ei {F2^-l ®1 {F2i - \d)wf jJ + F2i ®1 (id - F2i-l)wf^l) 

in which wj,wf are certain final subwords of R. More precisely, wj consists of all letters 
of R after Ts,, and wf of all letters of R after F2i. Now, consider the conditions wJ^iH 
6j = mod 2 starting from the last letter Tg^ and going backwards. Recursively, we 
obtain the desired congruence fiCiSj =0 mod 2. A similar argument for the conditions 
{F2i — id)tyf /ifl Aj = and (-F2i„i — \d)wf /ifi z/j = gives the desired result for F^. 
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Now, (p^{^wo) = rnod4 by Proposition \2.2U i). On the other hand, (p^{^wq) = (2(? — 
2)ipf^{wo) = 2{finwo) = 2 by Proposition \2.20\ Hi). This contradiction shows that the 
desired hfts exist. □ 

Remark. From this theorem and Lemma lL^ we obtain T"/?eorem[P| and thence the non- 
triviahty of the Z2-homology class of the fibre for any topological Lefschetz fibration with 
even fibre genus stated in the remark following Proposition IJ.51 

From the proof of Tiieorem \2.21\ we can conclude the following: 

Corollary 2.22. Let g ^ 3 be odd and let id = Hi [-^21-1,-^21] ollj^'Jj ^ factorisation 
in Mapg as in Tiieorem \2.21\ . Assume that for every lift nj-^2i-i,-^2i] "Ilj^^j = "9^7 ^ 
Mapgi with 7 G ttiCEjZq) the Z2-homology class [y]z2 ^■^ non-trivial. Then there exists 
yU G Hi(S,Z2) stabilised by all Fi and all Ts- and such that /ifl [7] = 1 mod2 for every 
7 G 7ri(S,Zo) o-s above. 

Theorem 2.23. i) Let 1 be odd. Then the element [Ti^^T^^Y can not be represented 
in Mapg as a product of Dehn twists and commutators Yli'^s- 'Ylji^'ij-i^^^j] such that 
5jn/?i = mod2 and such that every Fj fixes the homology class [(3i\i2 £ Hi(S,Z2). 

n) Let g '^2 be even, let Y^i'^l^ 'Y\.jW'ij-iiF2j\ be a factorisation in Map^ of the element 
(TqjT^J^ satisfying the properties above, and let Fj be some lifts of the involved factors to 
Mapg ^. Then (T^iT^i)"^]!*^^'" " nj[^2i-i,i^2i] = d^il) for some 7 G ni{T.,zo) satisfying 
[7]n/3i = 1 mod 2. 

Proof, i) We consider the special case g = 1 first, abbreviating the notation to 
a, p. Here Si = {si,S2} = A2, and hence W(iSi) = Sym3 and Br(iSi) = Bra. Moreover, 
we can identify Map^^ with Br^ setting T^^Tp to be the standard generators of Bra. 
Besides we have T{Si) = Hi = {[a],[P],[a + P]}, all three are Z2-homology classes. 
Let us apply Tiieorem 12.91 to the subgroup G := 'L2(Tp) C Syrrig. It has two orbits in 
T(5i), namely, {[/?]} and {[a], [a + Let ^g-[/3]) ^G-[a] be the corresponding basis 
of Pab('5i)G- As in the proof above, the projection from Pab('5i) = Z(A[cj], A[q,+^]) 
onto the component 'L{AG.[a]) is given by the homomorphism (^[^] : Pab('5i) Z. Then 
Theorem 12. 91 shows that (p[0\{F) = for every factorisation F as in the theorem, whereas 
0[i3]{(TaTi3Y) = 0ii3]{A[a] +^[/3] +^[a+/3]) = 2. This coutradictiou excludes the existence of 
such a factorisation. 

Now consider the general case of an odd g ^ 3 and assume that a factorisation Yli T^' ■ 
nj[-^2j-i,-p2j] as in the hypotheses exists. Lifting it to Br(5g) we obtain an element F 
lying in the kernel Ker (Br(iSg) — Sp{2g,Zi2)) . Repeating the argument from the proof 
of Theorem \2.21\ we obtain that 0[i3^]{F) = mod 4. Note that such a lift F differs from 
(TqjT^J^ (considered now as an element from Br{Sg)) by a product of chain, lantern, and 
hyperelliptic relation elements. Since g is odd, <^[/3^] (x) = mod 4 for every relation element 
X (including the hyperelliptic one), so the value (^[^j^j ((Tq^T/jJ^) must be a multiple of 4. 
On the other hand, the calculation done in the case g = I shows that (^[^^] ((Tq^T/jJ^) = 2, 
a contradiction. 
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a) As above, we apply the argument used in the proof of Theorem \2.21\ . This yields 
(^[^^] ((T^jT/jJ^ ■ 97r(7)) = mod4. Since <^[/3^] ((TajT/^J^) = 2, the assertion follows 
from Proposition \2.20l, Hi). □ 

3. Proof of the main result 

In this section we give the proof of the Main Tlieorem. We maintain the notation of 
§J.4[ In particular, m denotes the meridian circle of K, considered as a curve on S, and 
/i = [m]z2 its homology class on S. 

In the case when m separates S, the theorem follows from the remark immediately after 
Proposition I J. 51 So we assume henceforth that m is non-separating on S. Furthermore, 
we may assume that the hypothesis of Proposition I J . 71 is fulfilled and the projection of [K] 
to \-\i{Y° ,J^i{Xy,Z2)) vanishes, since otherwise there is nothing to prove. 

Let us make the following observation about the monodromy Fr along F. Realise 
the meridian m as the curve /3i in some geometric basis ai,l3i,. . . ,ag,f3g of S. Then 
we can isotopically deform Fr so that /3i = m is Fr-stable. The induced map Fr : 
Pi Pi inverts the orientation. Observe that the map (T^jT^J^ has the same property 
in the homotopy, namely, it maps the free homotopy class of (3i onto itself inverting the 
orientation. It follows that the homotopy class Fp := Fr(TQ,jT^J~^ admits a representative 
(still denoted by Fp) which fixes (3i pointwise. In particular, Fp is a diffeomorphism of 
The classification of diffeomorphisms of surfaces implies that Fp can be represented 
as a product of Dehn twists Ts along curves disjoint from (3i. Fix such a decomposition 
of Fp and lift it to the group Map^ j. The obtained elements of Map^ ^ are denoted by Fp 
andFr:=F^(T,,T^Jl 

3.1. Fine structure of the monodromy. In this paragraph we refine the result of 
Proposition \1.7[ 

Proposition 3.1. Under the hypotheses of Proposition lTH i) . assume in addition that [K] 
vanishes in H2(X,Z2). Then the decomposition ^ = fi+ + fi^ & Hi(S,Z2) constructed in 
Proposition \1.7\ satisfies fiCi fi+ = fiCi = 1 mod 2. 

Moreover, the class fi is not invariant either with respect to the monodromy action of 
7ii(Y^) or with respect to the action of7ii(Y°). 

Proof. We must exclude the following two possibilities: 

• One of the classes fi± vanishes, say, = and so /i+ = fi. 

• Both are non-trivial, but /in/i+ = /xn/i_ = mod 2. 

Consider first the case /x_ = 0. Then the monodromy Fr admits a representation as a 
product F+ := njF2j_i,F2j] -nj^-Jj ^^^h that fi is invariant with respect to all Fj and all 
Tsy This gives the equality (Tq^T^J^ = F+ ■ (Fp)~^ with the same property for the right 
hand side. Tlieorem \2.23\ excludes such a possibility for odd g and ensures the following 
in the case of even g ^ 2. For any lift of F_^ to the group Map^ i we obtain the relation 

(Ta^T^J^ = (9,r(7) ■ ■ (-^r)""*^ with some 7 G 7ri(S) whose homology class [7] G Hi(E,Z2) 
satisfies [7] fl/i = 1 mod 2. Now choose such a lift F+ of F+ as a part of a lift of the whole 
monodromy using Tlieorem \2.21\ . The lift Fr G Map^ gives us a section ax : F — > X of 
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the fibration pr : X -^Y over T which is disjoint from K. On the other hand, the hft -F+ 
defines a Z2-section cr|r of pr : X — >■ F over F which is the restriction of some Z2-section a. 
The condition [7] fi/i = 1 mod 2 means that the Z2-intersection index an[K] is non-zero, 
hence [K] is non-trivial. This rules out the case fi- = 0. 

This shows also that /i can not be invariant with respect to the monodromy action of 
7ri(17) or 7ri(r!). 

Let us assume that both and /i_ are non-trivial but ^ = (1 fi = 0. Then 
g ^ 2. Set / := iPfj._^_{Fr). In the factorisation of = Fy ■ (T^^TgJ"^ considered above 
there are no Dehn twist Ts^ with ^jfl/i = 1. So using the definition of 0^,0^^ we conclude 
that (Pi^iFr) = 2 and (pf,_ (Fr) =1 + 2. 

Let F+ and F_ be the factorisations of Fr of the form F± := nj-^2i-i,-p2i]-nj^5j arising 
from the monodromy homomorphisms J-'± : 7ri(y_^) Map^. Lifting the monodromy 

homomorphisms to Map^^ we obtain lifts F± G Map^^ of Fr, which differ from Fr by 
some elements lying in the image of the homomorphism 9^ : 7ri(S) Map^ i- 

Assume that g is odd. Then vanish mod 4 on the image of d.,^. Applying 

Theorem 12.91 we conclude that <^^^(Fr) = 0^_{Fy) = mod 4. This contradicts the 
relation (Fr) - (p^^ (Fr) = 2. 

Assume that g is even. Define 7± G 7ri(S) from the relations F± = Fr-(97r(7±). By 
Theorem \2.21\ there exists a lift JF : 7ri(y°) Mapg of the monodromy homomorphism 
J-' : ni{Y°) Mapg, see Section By Lemma IT^ every such lift JF corresponds to a 
Z2-section cr. We can suppose that the lifts F± G Map^^ of Fr are compatible with such 
a section a. This means that the projections of F± to Map^ are equal. This shows that 
[7+] — [7-] ^ Hi(S,Z2). Comparing the values of 0^,0^^ and using (^^^(F±) = 0, we 
obtain <^;i+ (^^(7+)) = — / and <^;i_ (9^(7-)) = — / — 2. Now, using Proposition \2.20\ ih). we 
obtain [7+]n/i = 1 mod 2. This means that [ir]n[(T] ^ 0, which contradicts the hypotheses 
of the proposition. □ 

3.2. Proof of Ma/'n Theorem. Let us change the notation slightly and denote by Xq the 
original symplectic manifold (CP^ or ruled one) and by X the blow-up of Xq constructed 
in Lemma lT^ 

Let us assume that the claim of the Ma/V? Theorem is false and i^' C X is homologically 
trivial. First, we sum up the properties of pr : X — F obtained so far. By the construction 
of Lemma \1.2[ Y is the sphere S*^ and F separates Y into discs Y±. By Proposition 
IJ.51 the meridian circle m does not separates S, and by Proposition \3. 1\ the monodromy 
of pr : X — y has the following structure: there exist G Hi(S,Z2) such that 

yun/i+ = /in/i_ = l mod 2 and such that the monodromy : tti{Y^) —* Map^ of each 
piece preserves the class /x± but does not preserve /i. Finally, the monodromy Fr along 
F can be realised by a map, still denoted by Fr G ^jf_^_(T,), which maps m onto itself 
reversing the orientation on m. 

Fix local "polar" coordinates {r,ip) in a neighbourhood Um of m on S so that m is 
defined by the equation r = 1, (y9 is an angle coordinate on m, and the map Fr is given 
by {r,if) I— s> {r^^,—(p). It follows that there exists a geometric realisation Tm G ^(f_|_(E) 
of the Dehn twist along m which commutes with Fr. Using this map Tm and a local 



48 



V. SHEVCHISHIN 



trivialisation of the bundle pr : Xr T used in the definition of the monodromy map 
Fr, we obtain a map \l/ : Xr —>■ Xj- which preserves the fibres and acts on each fibre Xy 
{y G r) by the map T^. 

Construct a new manifold X' by gluing together the pieces Xy^ and Xy_ along Xy = 
dXy^ = dXy^ via the map \E' : Xr Xp. Obviously, X' admits a Lefschetz fibration pr' : 
X' — > y over the same base Y = S"^. Moreover, the monodromy of pr' : X' — ^ F remains 
unchanged in and gets conjugated by Tm in F_. Since [mj^j = /i and /x+ = fi + fi-, 
the whole monodromy of pr' : X' — > y preserves the class 

Lemma 3.2. rank Hi(X',Z2) = rank Hi(X,Z2) + 1. 

Proof. Let V+ and V- be the Z2-subspaces of Hi(E,Z2) generated by the vanishing 
classes [6i] of the projections pr : Xy_^. and pr : Xy_ —>■ Y^, respectively. Then by 

Lemma IJ.gl 

Hi(X,Z2) = Hi(S,Z2)/(n + r^) and Hi(X',Z2) = Hi(S,Z2)/(V+ + T^(\/-)) 

Set Wq := Z2(/i+,/i_)"'" C Hi(S,Z2) so that Hi(S,Z2) = Z2(/i+,/i-) ©PVo is an orthogonal 
decomposition. It follows from the second assertion of Proposition \3.1\ and the relation 

= fi+ + fi^ that V^+/(V^+f]Wo) has rank 1 and is generated by the coset class of 
Similarly, Vl/ (V- f]Wo) = Z2(/i-). Since T^(/i_) = we obtain 

(y++F_)/((F++y_)nVFo) =Z2(/x+,//_) and iV++T^iV.))/{{V++T^iV.))f]Wo)=Mfi+). 

The lemma follows. □ 
Remark. I am grateful to Stefan Nemirovski for the following observation. The twisting 
construction of the manifold X' above is the Luttinger surgery of X along the Klein bottle 
K, see §0.21 and |N-2] . In its turn, the description of the construction shows that the 
Luttinger surgery along the Klein bottle K is compatible with the projection pr of the 
Morse-Lefschetz fibration pr : [X,K) —>■ {Y,r) provided that the restricted projection 
pr : K ^ T = is an 5'^-bundle without critical points. Note that this compatibility 
property holds also if K is replaced by the torus (see |ADK] ). 

Lemma 3.3. Both rankHi(X,Z2) and rank Hi(X',Z2) must be even. 

Proof. The classification of ruled symplectic manifolds [MD-Saj implies that a finite 
sequence of blow-ups and blow-downs transforms X into a product S'^ xY where y is a 
closed oriented surface. Since blow-ups do not change 7ri(X), we conclude the first part 
of the lemma. 

The second part is obtained in the same way once we show that X' is also a ruled 
symplectic manifold. First, we observe that the gluing map : Xr — * Xp can be extended 
to a symplectomorphism of some neighbourhood of Xp. It follows that X' carries a 
symplectic form u' that coincides with the original form on X on the pieces Xy^ ■ 

At this point we use the specific structure of u and the monodromy of pr : X — y. 
Recall that X was constructed as a symplectic blow-up of the original Xq. It follows that 
there exist symplectic sections Ei,...,En C X of the projection pr : X ^ 5^ such that 
for the class [D] := [S] + G H2(X,Z) one has Ci(X) ■ [D] > 0. The sections Ei 

are simply the exceptional spheres resulting from the blow-up construction. Since Ei are 
disjoint from K, they survive in X', and we obtain symplectic sections E[,. . . ,E'j^ in X'. 
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Moreover, for the class [D'] := [S] + ^.[^1] G H2(X,Z) we again have ci(X') • [D'] > 0. In 
this situation the characterisation theorem of McDuff and Salamon, see Corollary 1.5 in 
|MD-Saj ■ says that X' must indeed be a ruled symplectic manifold. □ 

The obtained contradiction shows that under the hypothesis of the Main Theorem the 
monodromy of pr : X — y can not have the structure described in Proposition \3.1\ This 
implies the assertion of the Main Theorem. □ 
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